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Abstract. We discuss the unitary equivalence of generators Ga,r associated 
with abstract damped wave equations of the type u + Ru + A* Au = in some 
Hilbert space "Hi and certain non-self-adjoint Dirac-type operators Qa,r (away 
from the nuUspace of the latter) in T-Li (B ^2- The operator Qa,r represents 
a non-self-adjoint perturbation of a supersymmetric self-adjoint Dirac-type 
operator. Special emphasis is devoted to the case where belongs to the 
continuous spectrum of A* A. 

In addition to the unitary equivalence results concerning Ga,r and Qa r, 
we provide a detailed study of the domain of the generator Ga r, consider 
spectral properties of the underlying quadratic operator pencil M{z) = \A\^ — 
izR — z^If-i-^^, 2 S C, derive a family of conserved quantities for abstract wave 
equations in the absence of damping, and prove equipartition of energy for 
supersymmetric self-adjoint Dirac-type operators. 

The special example where R represents an appropriate function of |j4| is 
treated in depth and the semigroup growth bound for this example is explicitly 
computed and shown to coincide with the corresponding spectral bound for 
the underlying generator and also with that of the corresponding Dirac-type 
operator. 

The cases of undamped (R = 0) and damped (R ^ 0) abstract wave equa- 
tions as well as the cases A* A > eZ-Hi for some e > and G a (A* A) (but 
not an eigenvalue of A* A) are separately studied in detail. 



1. Introduction 

We are interested in an abstract version of the damped wave equation of the 
form 

u{t) + Ru{t) + A* Au{t) = 0, ii(0) /o, u(0) = /i, i>0, (1.1) 

where A is a densely defined closed operator in a separable Hilbert space 'H, fj G 
j = 0, 1, are chosen appropriately, i? is a certain perturbation of A* A to be 
specified in more detail in Section [31 and we used the abbreviations ii = {d/dt)u, 
il = {(P /dt^)u. (In the main body of this paper we will employ a two- Hilbert space 
approach where A maps its domain, a dense subspace of the Hilbert space Hi into 
a Hilbert space 'H2-) 



Date: December 4, 2012. 

2010 Mathematics Subject Classification. Primary 35J25, 35L05, 35L15; Secondary 35J40, 
35P05, 47A05, 47A10, 47F05. 

Key words and phrases. Dirac operators, supersymmetry, wave equations, semigroups, damp- 
ing terms, quadratic operator pencils. 

Ann. Mat. Pura Appl. 191, 631-676 (2012). 

Research supported by in part by the Research Council of Norway and the Austrian Science 
Fund (FWF) under Grant No. Y330. 

1 



2 



F. GESZTESY, J. A. GOLDSTEIN, H. HOLDEN, AND G. TESCHL 



Traditionally, one rewrites (|1.1|) in the familiar first-order form 

rf. M ^ / In\ fu\ fuiO)\ ^ ffo 
dt\u \-A*A -R \ur U(0)i l/i 



i > 0. (1.2) 



Our principal result centers around a unitary equivalence between an appropriate 
operator realization of the formal generator Ga.r of (|1.2|) . 

Gam. - f"^) , (1.3) 

in an associated energy space T-La ® H to be determined in Section [2l and the 
operator 



with Qa.r a perturbed supersymmctric Dirac-type operator in Ti (BH, 

Qa,r = (^"^^ , dom(g^^j^) = dom(A) © dom{A*) CH&H. (1.5) 

More precisely, we will first establish the unitary equivalence between the self- 
adjoint operators i Ga,o in Ha^BT-L and Qa,q in Hi ®T-L2 and then treat the damping 
terms ( g ) and ( g ) perturbatively, keeping the same unitary equivalence 
between i Ga,r and Qa,r for 0. 

Particular attention is devoted to domain properties of the generator Ga.r- 
Moreover, we carefully distinguish the cases of undamped {R = 0) and damped 
(i? ^ 0) abstract wave equations, and the cases where A* A > elu for some e > 
and the far more subtle situation where € a{A*A) (but is not an eigenvalue of 
A*A). 

More precisely, the case where A* A > elu for some £ > and no damping, 
that is, the situation i? = 0, is treated in Section [2j The unitary equivalence of 
the generator Ga.o and the supersymmctric self-adjoint Dirac-type operator Qa,o 
(away from its nuUspace) is the centerpiece of this section. Section [2] concludes with 
a discussion of the special case where A is replaced by the self-adjoint operator \A\. 
Section [3] then considers the more general case where S a {A* A) (but is not 
an eigenvalue of A). After establishing the appropriate extension of the unitary 
equivalence of the generator Ga.o and the supersymmctric self-adjoint Dirac-type 
operator Qa,o (away from its nuUspace) in this case, we provide a detailed study 
of the domain of the generator Ga.o- Abstract damped linear wave equations, 
assuming A* A > el-u for some e > 0, are studied in Section [H In this section 
we also compute the resolvent oi Q\a\,r in terms of the quadratic operator pencil 
M{z) = - izR~ z^I-Hi, dom(M(z)) = dom(|Ap), z e C, and relate the 
spectrum of Q\a\.r with that of the pencil M{-). This section once more derives 
the unitary equivalence results between Q\a\,r and Ga,r and similarly, between 
Qa,r (away from its nuUspace) and Ga.r- We also briefly revisit classical solutions 
for the abstract first-order and second-order Cauchy problems. Section 2] concludes 
with a detailed discussion of the example where the damping term R = 2F(|A|) > 
is an appropriate function of \A\. Employing the spectral theorem for the self- 
adjoint operator \A\, the semigroup growth bound for e'-''*'2F(|A|)t^ f > 0, is explicitly 
computed and shown to coincide with the corresponding spectral bound for the 
underlying generator Ga,2F(\a\) and hence also with that of —iQ\A\,2F(\A\)- The 
most general case of abstract damped wave equations where G a {A* A) (but is 
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not an eigenvalue of A) is considered in Section [S] Again we compute the resolvent 
of Q\A\.R in terms of the quadratic operator pencil M{z) = |Ap — izR — z^Iui, 
dom(M(2:)) = dom(|ylp), z G C, and relate the spectrum of Q\a\,r with that of 
the pencil M{-). In addition, we once more derive the unitary equivalence results 
between Q\a\.r and Ga.b. and similarly, between Qa.b. (away from its nullspace) 
and Ga,r- Section [5] concludes with a derivation of a family conserved quantities 
for the abstract wave equation in the absence of damping. In Section [S] we prove 
equipartition of energy for the supersymmetric self-adjoint Dirac-type operator Q = 
Qa,o- Appendix VK\ summarizes well-known results on supersymmetric Dirac-type 
operators used throughout the bulk of this manuscript and Appendix [B] studies 
adjoints and closures of products of linear operators. 

Concluding this introduction, we briefly summarize some of the notation used in 
this paper. Let "H be a separable complex Hilbert space, (•, ■)-h the scalar product 
in Ti. (linear in the second factor), and lu the identity operator in %. Next, let T 
be a linear operator mapping (a subspace of) a Hilbert space into another, with 
dom(T), ran(T), and ker(T) denoting the domain, range, and kernel (i.e., null 
space) of T, respectively. The closure of a closable operator 5 in H is denoted 
by S. The spectrum, essential spectrum, point spectrum, discrete spectrum, and 
resolvent set of a closed linear operator in H will be denoted by <j{-), cress(-)j '''p(')i 
(Td(')j and p{-), respectively. The Banach space of bounded linear operators in H. 
is denoted by S('H); the analogous notation B{7ii,7i2) wiU be used for bounded 
operators between two Hilbert spaces Tii and 'H2. The norm in Tii (B'H2 is defined 

as usual by \\f\\n,en. = [Wfifn, + IIMIIij'^' for / = (A hV e H^^H^- The 
symbols s-lim (resp., w-lim) denote the strong (resp., weak) limits either in the 
context of Hilbert space vectors or in the context of bounded operators between 
two Hilbert spaces. Finally, Pm denotes the orthogonal projection onto a closed, 
linear subspace M oiH. 

2. Abstract Linear Wave Equations in the Absence of Damping. 
The Case A* A > elu for some e > 

In this section we consider self-adjoint realizations of i Ga,o modeling abstract 
linear wave equations in the absence of damping and study their unitary equivalence 
to self-adjoint supersymmetric Dirac-type operators. 

To set the stage we first introduce the following assumptions used throughout 
this section. 

Hypothesis 2.1. Let T-Lj, j = 1,2, be complex separable Hilbert spaces. Assume 
that A : dom(v4) C Hi — > 'H2 is a densely defined, closed, linear operator such that 

A* A > elm (2.1) 

for some £ > 0. 

To illustrate the implications of Hypothesis 12.11 we briefly digress a bit. Let 
T : dom(T) C Hi ^ 7^2 be a densely defined, closed, linear operator. We recall 
the definition of the self-adjoint operator |T| — (T*Ty^^ in Jii and note that 

dom(|T|) = dom(T), ker(|r|) = ker(T*r) = ker(r), ran(|T|) = ran(r*), 

(2.2) 

= ||T/||„„ /edom(T). (2.3) 
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The latter fact immediately follows from the polar decomposition of T (cf. (jA.Sp - 

dAH])). 

Thus, Hypothesis 12.11 is equivalent to 

\A\>e''^Iu,, (2.4) 

and hence equivalent to 

l^r^ e or equivalently, to G p{\A\). (2.5) 

In particular, it implies that 

ker(A) = {0}. (2.6) 

Since A is closed and \A\ > e^^^I-u^, the norm || • \\a on the subspace dom(A) 
of Hi defined by 

||/|U = /edom(A), (2.7) 

and the graph norm ||| ■ \\\a on dom(A) defined by 

lll/IIU = WAfWn, + \\f\U (or alternatively, by + ||/||2,J ^/^) , 

/ e dom(A), 

are equivalent norms on dom(A). In particular, one verifies that 

[\\Af\U + J < II/IU < [WAfWn. + , / e dom(A). (2.9) 

Associated with the norm || • ||^ we also introduce the corresponding scalar product 
( • , • )a on dom(A) by 

if,g)A^iAf,Ag)n,, f,gedom{A). (2.10) 

Consequently, equipping the linear space dom(^) with the scalar product ( • , ■)a, 
one arrives at a Hilbert space denoted by Ha, 

-Ha^ {dom{A);i-, ■)a) QHi. (2.11) 

We emphasize that while Hypothesis 12.11 implies \A\^^ G B{'Hi), it does not 
imply that A is boundedly invertible on all of "Hi (mapping into ^2)1 as one can 
see from the following typical example. 

Example 2.2. Consider the operator B in the Hilbert space L^([0, 1]; dx) defined 
by 

Bf = -if', f edoiniB)^{geL^i[OA];dx)\geACi[OA]); 

g{Q) ^ g{l) ^ 0; g' e L\[Q,l];dx)}. 
Then B is symmetric, its adjoint is given by 
B*f = -if, 

f e dom(5*) - {5 e L^i[0, l];dx)\gG AC([0, 1]); 5' G L\[0, l];dx)} 
and the deficiency indices n±{B) of B are given by 

n±{B) = 1. (2.14) 

Consequently, 

a{B)^C, (2.15) 



,r2n^ , ^. (2-13) 



2,r. , M (2-16) 
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in particular, B is not boundedly invertible on i^([0, l];dx). On the other hand, 

B*Bf = -/", dom{B*B) ^ {g e L\[0, l];dx) \ g,g' € AC7([0, 1]); 

.9(0) - .9(1) = 0; g" eL\[0,l];dx)} 

{implying also g' G i^([0, 1]; da;)) and hence 

\B\>nIm[a,W. \B\-^ ^B{L\[Q,l]-dx)). (2.17) 

In fact, one has \B\-^ £ Bp{L'^{[Q,l\;dx)) for all p > 1. {Here Bp{L^{[0,l];dx)) , 
p> 0, denote the £P{N)-based trace ideals of L^{[0, l];dx).) 

In this context we note that by (|2.2p and (|2.3I) , one has of course 

HA = {dora{A);{-,-)A)=H\A\ = ( doni(|A|); ( ■ , • )|A|) C Hi, (2.18) 
which is of some significance since under Hypothesis 12.11 we always have 

0<e^^/^In,<\A\-' eB{Hi), (2.19) 

while in general (cf. Example 12. 2p . A is not boundedly invertible on all of T^i 
(mapping into 7^2)- 

The following result is well-known, but for convenience, we provide its short 
proof. 

Lemma 2.3. Assume Huvothesis 12.11 Then ran(y4.) is a closed linear subspace of 
H2. 

Proof. Let {gn}n&! C ran(A) be a Cauchy sequence, that is, f/„ = Afn, n S N, for 
some sequence {/n}neN C dom(A), and hence suppose that lim„_i.oc ||5n — 3||-H2 = 
for some g eH2- Since by (|2.9p . 

\\9n - 5m||w2 = ll^/n ^ Afm\\f^^ = - /,„ jj^ 

> Y^[ll^(/n-/m)ll«. + m, n G N, (2.20) 

{/n}n6N and {Afn}neti are Cauchy sequences in Hi and H2, respectively. In par- 
ticular, there exists f & Hi such that lim„^oo \\fn — /llwi = 0. Since A is closed, 
one infers / £ dom(A) and g = s-lim„_i.oo Afn — Af, and hence ran(A) is closed in 

H2. □ 

Given Lemma 12.31 we can now introduce the Hilbert space 

JCa = ran(A) = ran(yl) = ker(A*)-L C H2, (2.21) 
and the associated projection operator Pk.^ in H2, 

PKa ^ [In, - Pi.er(A')]- (2.22) 

Next we state the following elementary result. 
Lemma 2.4. Assume Hvvothesis \2.1\ and introduce the operator 

-JHa^JCa, ^^^^^ 

Then 

A e B{Ua,K:a) is unitary, (2.24) 
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and hence, 

(I)"' : J^-^^^-^' iA)'^ e B{JCA.nA) IS unitary. (2.25) 

Proof. First we note that ker [A) = ker(yl) = {0}. Next, one infers that 

||I/||^^ = P/||«, = ||/|U = ||/||„,, /edom(A), (2.26) 
and hence A is isometric. Since ran (A) = ran(A) = K.a, A is unitary. □ 
Lemma 2.5. Assume Hypothesis \2.1\ and introduce the 2x2 block matrix operator 



Then 



C/^ = ( ) : Ha © Hi ^ Hi © ICa- (2.27) 



G ^(Ha © Hi , Hi © /Ca) is unitary, (2.28) 



an 



d hence, 



U~^=(^^ *(^) ^ e BiHi® ICa, Ha® Hi) is unitary. (2.29) 
Proof. Assuming / G Ha and g G Hi, one infers that 

= \\9\\n, + Wfn, = \\if 5)^llL®«i- (2-30) 

Thus, ker {U^) = {0} ©ker (^) = {0}, and hence A is isometric. Since ran (U^) = 
Hi © K-A, is unitary. In addition, U^U~^ = I-HiBKa and C^-^C^^ = ^WAeWi 
foUow from ([2221, dSSl), and Lemma [231 □ 

Next, we exphcitly introduce the continuous embedding operator la effecting 
Ha ^ Hi by 

(2.31) 

such that 

dom(M) = HA, ran(M) = dom(A) C Hi. (2.32) 

Then ((2^ imphes 

LA e BIHa, Hi), ||M||e(HA,«i) < e"'/'. (2.33) 
In addition, we consider 

We briefly summarize some properties of Ja- 



Lemma 2.6. Assume Hypothesis 12.11 Then Ja is densely defined, closed, and 
bijective. Moreover, J a is bounded if and only if A is bounded, in particular, J a G 
B{Hi,Ha) if and only if A e B{Hi,H2). 
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Proof. Since Ja is injective and J^^ — la & B{'Ha,'Hi) is closed, so is J a (cf. [Ml 
p. 89]). 

Boundedness of J a is then equivalent to the existence of C G (0, oo) such that 
WJAfU, = ||/||«. - < / e dom(A), (2.35) 

which is equivalent to A being bounded. □ 

With the introduction of la and Ja~i-^ one obtains 

A = Ala, A = Al^^=AJa (2.36) 

and 

dom{A*ALA) = dom {A* A) = Ja dom{A*A). (2.37) 
Moreover, the following result holds. 

Lemma 2.7. Assume Hvvothesis \2.l[ Then 

{A*A)* {A*Ala)* = Ja, J*a ^ A*A ^ A* Ala- (2.38) 
Proof. For brevity we denote T — A* A ~ A* Ala- Then T* is given by 
doni(T*) = {/ £ 1 there exists <? G Ha : (/, Th)^, = {g, h)n^ 

for all h e doni(r)}, (2.39) 

T*f^g, 
where 

doni(T) ^ {h G-HaIAlaH e dom(A*)}. (2.40) 
Given h G dom(r) and g G Ha as in dom(T*) in (|2.39p . one concludes 

i9,h)-HA = {ALAg,ALAh)-H2 = = {f,Th)m {f,A*ALAh)m, 

(2.41) 

that is, 

/ = = mT*/, / G doni(A), (2.42) 
since ran(A*A) = %. Thus, 

dom(r*) = dom(A) and T* = t;^^ = J^. (2.43) 

Consequently, 

J\^T (2.44) 

since T = A* Ala is closed as is closed in T-L, {A* Ay^ G B{'Hi), and ^ S 
fi(HA,Hi) (cf. [Hi p. 164]). □ 

Assuming Hvpothesis l2.11 we next introduce the operator Ga.o 'Ha ffl Hi by 
r JA\_fO Ja\ 

^^^'-[-Jl 0)-[-A*A oj' (2.45) 
dom(GA,o) = dom {A* A) ® dom(yl) CHaQHi, 

where, 

dom {A* A) = {f enA\Af £ dom(^*)}. (2.46) 
In particular, one infers 

^^^°=La*Ala ^o) = [-A*A ^V)[o Ja)- ^^'^^^ 
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We recall that the Hilbert space Ha © Hi in connection with Ga,o is sometimes 
called the energy space. 

In addition, still assuming Hypothesis 12.11 we introduce the supersymmetric 
Dirac-type operator Qaa in T-Li ® 7^2 by 



A* 
A 



dom(QA,o) = dom(A) dom(A*) C ^1 ® 7^2- (2.48) 



(2.49) 



As discussed in Appendix [XI Qaa is self-adjoint in Hi 0H2. Moreover, (IA.28P and 
ker(^) = {0} yield 

Qa,0[/w,©W. - Pkcr(Q.,o)] - j In- Pkcr(A*)J 

A*[In-Pi,oriA')]\ _ fO A*Ptc, 
A J \A 

Clearly, 

Qa,o[^-Hi©-H2 - -Pkcr(QA,o)] = [^'Hiffi'H2 ~ PkcT{QA,a)]QA,0 

= [^-HieWa ~ ^kcr(QA,o)]Q^,o[^-Hie-H2 " ^kcr(QA,o)] 

(2.50) 

is self-adjoint in Hi ® H2, with Hi ® /Ca a reducing (i.e., invariant) subspace for 
QAfiilHiSH-i — Pkcr{QA o)]' ^his contcxt wc also note that 

[In - P^.criA')]A = PkaA = A. (2.51) 

At this point we are in position to formulate our first principal result and es- 
tablish the following remarkable connection between the generator Ga,o and the 
abstract supersymmetric Dirac-type operator Qa.o- 

Theorem 2.8. Assume Hypothesis \2.1[ Then 

QaAI-Hi@H2 - -Fkcr(Q^,o)] = Uj^iGAflU^^- (2.52) 

In particular, the operator i Ga,o is self-adjoint in the energy space Ha ffi Hi and 
hence Ga,q generates a unitary group e"-^^"*, i S R, in Ha ©Hi. Moreover, Ga,o 
is unitarily equivalent to —Ga,o- 

Proof. Self-adjointness of i Ga,o is an immediate consequence of = A* A in 
Lemma [2T7l and the first equality in p.45p . that is. 



in Ha © Hi and the fact that Ja is closed by Lemma [ 

Employing the fact that dom(GA,o) = dom [A* A) © dom(A) C Ha® Hi, one 
first obtains 

U^dom{GA,o) = (_°^ ^^^) { Q e Ha © Hi 



/ e dom {A* A), g E dom(y4)| 



= {{g -iAf) e Hi (S ICa\ f e dom (A), Af edom{A*), g edom{A)} 
= dom(^) © {/i e /Ca I e dom(A*)} 
= dom(^) © dom{A*[In2 - PkcriA')]) 
= dom(A) © dom(A*PK;^) 
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= dom(QA,o[/wi®W2 - -fkcr(QA.o)])- (2-54) 

Next, one computes for (/ g)^ G Hi ffi Ka such that U^^{f g)^ E dom{GA,o) = 
dom [A* A) ® dom(A), 



[7^1 (5) = ( '^^f ^) ^ dom(GA.o) = dom {A* A) ® dom(A) 



if and only if / G dom(yl), [A) ^g e dom {A* A), g e K-a = ran [A) 
if and only if / G dom(A), g G ICa, g G dom(A*) 

if and only if / G dom(yl), g G dom(yl*PK;^) = dom(yl*[/«, - Pkcr(A-)]), 

(2.55) 

where we used the fact that ICa — = [IH2 ~ ^kor(A*)]H2 reduces A* . Thus, 

0^ IH^\ ( ^ Ja\(0 l{A) 



0^ (Ja 

~iA y ^ -iA*PK;. 

^0 A*P^^\^(Q A*P^^ 
AJa J 

A*P^^ 
A 



(2.56) 



using ^ = A = ^ by 

An alternative proof of the self-adjointness of i Ga,o then follows from (|2.52p and 
the self-adjointness of Qa,o (cf. (|A.2[) ) and hence that of QA,o[Inie'H2 ^ Pkci{QA o)]- 

Finally, the unitary equivalence of Qa,o to —Qa,o in (|A.29|1 together with (|A.28p . 
which implies the unitary equivalence of the operators QA,o[Ini<s'H2 ~ ^kcr(QA 0)] 
and —QA.a[Iniisn2 ~ -fker(QAo)]' ^'^d (|2.52p then prove the unitary equivalence of 
Ga,o and -G^.o- □ 

Remark 2.9. (i) Given Hypothesis EH the self-adjointness of Ga,o on dom(Gy!i.o) = 
dom (^A*A) © dom(A) in the energy space Ha © H-i is of course well-known. We 
refer, for instance, to the monographs [20l Sect. VI. 3], [29l Sect. 2.7], [Til p. 2, 
3], [72l Sect. X.13]. These sources typically employ a combination of semigroup 
methods and the spectral theorem for self-adjoint operators. Our proof of (|2.53p 
closely follows the pattern displayed in the Klein-Gordon context in [751 Subsect. 
5.5.3]. Our proof based on the unitary equivalence to the self-adjoint Dirac-type 
operator QA,o[I'Hi(Bn2 ~ Pkci(QA 0)] ^1 ® ^2 appears to be a new twist in this 
context. 

(a) The observation that GAfi (and more generally, Ga,r) in the energy space 
Ha © Hi is related to a Dirac-type operator in Hi © H2 has recently been made 
in the context of trace formulas for the damped string equation [23j . However, this 
observation is not new and has already been made in [61] (under more restricted 
assumptions of compactness of A* A and self-adjointness and boundedness of R) and 
[37] . and was subsequently also discussed in [33], [39], [40], [52], and [78l Subsect. 
5.5.3]. We have not been able to find the precise unitary equivalence result (|2.52p in 
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Theorein l2.8l in the literature. The fact that Ga,o and —Ga,o are shuilar operators 
has been noted in [2Ql p. 382]. 

Still assuming the basic Hypothesis 12.11 we now briefly summarize the basic 
results derived thus far if A and A* in the factorization A* A are both systematically 
replaced by |A| using the fact that A*A~ This case is of considerable interest 
and used in practice as < e'^^'^Iui < 1^1 G S('Hi), whereas A is in general 
not boundedly invertible as discussed in Example 12.21 Since this is a special case 
of the discussion thus far, we now focus on some of the simplifications that arise in 
this context and present the results without proofs as the latter parallel those that 
have already been presented in great detail. 

We start by noting that in this special case 

n\A\ = -Ha. (2.57) 
i\A\ = iA, (2.58) 
J\A\ = Ja. (2.59) 



/Cm, = ran(|yl|) = \eT{\A\y = Hi. (2.60) 



In additiorQ, 



[f^ \A\f, [g^ \A\ I5, 

\A\ £ B{H\A\.T-ii). {\My^ e B{ni,H\A\) are both unitary, (2.62) 
Urr.^i ^~ e 6(-Hm| ® Hi, 7^1 ® -Hi) is unitary, (2.63) 



^{\X\Y'' 



C/~J = (^^^ 'Vl^^; j e B{Hi®Hi,H\A\®ni) is unitary, (2.64) 

Jf^l = \A\'i\A\ = A* Ala = Jl, (2.65) 

\A\ = \A\la. (|:4|)"' = J^|^|-i, (2.66) 

r _ J\A\ \ _( Ja\_( Ja\_^ 
- \-\A\\\A\ ) - \-\A\\a ) - \-A*Ma ) - 

(2.67) 

dom(G'|A|,o) = dom (|APm) © dom(^) = dom(GA,o) ^ U\a\ © "Hi, (2.68) 



|A|,0 



1^1 
\A\ 



dom(Qm_o) = dom(l^l) ® dom(|^|) C Hi © Hi. (2.69) 



Consequently, one obtains as in Theorem 12.81 that 

Q|^l,o = C/|^| i G^,oC/|^J, dom(Q|^|,o) = f/,^, dom(G|^|,o). (2.70) 

We emphasize that Q|a|,o (I2.70p does not involve any additional projection 
as opposed to QA,o[^'HieW2 ~ -fkor(QAo)] p.52p . Still, the two operators are of 
course unitarily equivalent. Indeed, equation ()2.70p implies 

Q|A|,o = [C/|^|C/^^]Qa,o[/w,®w. -Pkcr(Q.,o)][f^i:f|C^^T'' (2-71) 



We emphasize that \ A\ as defined in l|2.6H l difl'ers of course from \A\ = [[A)*Af^^ (noting the 
different order of operations). In fact, since A as defined in 1 12. 231 1 is unitary, one has \A\ = I-Ha- 
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where 

jj^rj-i _Q \_ (In, \ _ 

In, 

Va- 



e B(ni ® /Ca, Til® Til) is unitary, (2.72) 

using, (|2.2p . (jA.5[) - (|A.ll[) . and employing the fact that the initial set of Va" coin- 
cides with ran(A) = ICa- 

We note that the (|2.70p is a special case of a result observed by Huang [SI] in 
connection with his Proposition 3.1 (the latter also includes a damping term i?, see 
also Theorem 14. 4p . 

3. Abstract Linear Wave Equations in the Absence of Damping. 
The Case M{a{A*A)) = 

In this section we indicate how to extend the results of the previous section to the 
case mi{(T{A* A)) = 0. This case will to a large extend parallel the case A* A > el-Ui 
for some £ > 0, and hence we will mainly focus on the differences between these 
two situations. 

Our basic hypothesis throughout this section now reads as follows. 

Hypothesis 3.1. Let T-ij, j = 1,2, be complex separable Hilbert spaces. Assume 
that A : T-Li D dom(A) is a densely defined, closed, linear operator satisfying 

ker(yl) = {0} (3.1) 

and 

inf(a(^*A)) = 0. (3.2) 

As in the previous case we can equip dom(A) with the norm || • \\A^ but since 
the stronger Hvpothesis 12 . II is no longer assumed, the resulting space will in general 
not be complete. Hence we denote by I-La its completion. 



HA = (dom(A);(-,-)A), {f,g)A^{Af,Ag)n,, f,ge<lora{A)<zni. (3.3) 
In general (cf. Example 15. 8p . 

Ua t Ui and Hi ^ Ha- (3.4) 
Moreover, Lemma 12.31 will also fail in general and consequently we now define 



JCa = ran(A) = ker(A*)^ C U^- (3.5) 
Next, Lemma [1^3] also requires some modifications. 
Lemma 3.2. Assume Huvothesis \3.l\ and introduce the operator 



H.3dom(A)->/C., 
[f^Af. ^ ' 

Then there exists a {unique) unitary extension A ^ Aq E B{T-La,JCa) of Aq. 

Proof. As in the proof of Lemma l^^ one infers that ^0 is isometric. Since ran(^o) = 
ran(A) C )Ca is dense, there is a unique unitary extension A of ^0 given by the 
closure ^0 of ^o- D 
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Consequently, Lemma [2.51 extends without further modifications to the present 
setting. 



Lemma 3.3. Assume Hvvothesis \3.1\ and introduce the 2x2 block matrix operator 

c/^-f ^2 ^'^") ■'^A®ni^ni®iCA. (3.7) 



Then 



and hence, 



e BCHa ® Hi, Hi ® ICa) is unitary, (3.8) 

U-^^ff* *(^) ^ e B{ni® ICa, Ha® ni) IS unitary. (3.9) 
^ V-Hi / 

We can also introduce the embedding operator la effecting the embedding Ha 3 
doni(yl) ^ Hi by 

^^^|H^D^dom(A)-.H„ ^3^^^^ 

such that 

dom(M) = dom(A) C Ha, ran(iA) = dom(yl) C Hi. (3.ff) 

In particular, we note that la is no longer a bounded operator unless Hypothesis 
l2.1l holds. In addition, we consider 

Both LA and Ja are densely defined, closed, and bijective. 
With the introduction of la and Ja = ^-a^ one obtains 

Aq^Ala, A^ Ala, A^Al^^=AJa, (3.f3) 
and the analog of Lemma [2771 holds. 



Lemma 3.4. Assume Hvvothesis 13. f I Then 

{A* A)* = Ja, J*a = A* A. (3.14) 
Proof. Since A is unitary and A is closed, one computes (cf. [55] Exercise 4.18]) 



{A*Ay ^ {A) A= {A) A={Ala) A^{Ala) A^JaA-^A. (3.15) 

In addition, since dom(J^A^^) = ran(A), one can drop the closure in the last 
equation which finally yields (A*yl)* — JaA^^A — Ja- 

Hence one also obtains Jj^ — (A* A)** = A* A = A* A since A* A is closed as A 
is unitary and A* is closed. □ 



Assuming Hypothesis 13.11 we again introduce the operator Ga,o in Ha ffi Hi by 

0)-[-A*A oj' (3.16) 
dom(G'A,o) = dom {A* A) © dom(yl) CHa®Hi, 
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and also introduce the supersymmetric Dirac-type operator Qa.o in Hi © by 
Qa.o = (^^ , clom(g^,o) = doni(A) ® dom(A*) C Hi ® H2. (3.17) 

As discussed in Appendix 1X1 Qa.o is self-adjoint in Hi © ^2- 
The analog of Theorem 12.81 then reads as follows. 



Theorem 3.5. Assume Hvvothesis \3.l[ Then 



QAfi[I-Ht®'H2 - -fkcr(Q^,o)] = U^iGAflU ~ . (3.18) 

In particular, the operator i Ga,o is self-adjoint in the energy space Ha ffi Hi and 
hence generates a unitary group e*^ i g R, m Ha © Hi- Moreover, Ga,o is 
unitarily equivalent to —Ga.o- 

Next, we further analyze the domain of Ga.Oj more precisely, the domain of 
A* A (cf. (|3.16|) ). applying some results discussed in Appendix [BJ Since A — Aq, 
and A* A is known to be a closed operator (cf. p.l6p ). the natural question arises 
whether or not A* A — A* coincides with the closure A*Ao of A* Ai^. This is a 
somewhat intricate question, an answer to which is given in Theorem 13.81 below . 

We start with the following elementary result. 

Lemma 3.6. Suppose S is self-adjoint in the complex separable Hilbert space H 
with kcr(5') = {0}. Then 

dom(S') nran(S') = dom(S') ndom (<5'^^) is dense in H and a core for S and . 

(3.19) 

Proof. Since ker(S') = {0}, the operator exists and is self-adjoint (and also 
ker(S'"i) = {0}). For any g € H, 5„ ^ Esi[-n, -n-'^] U [n'^,n\)g e dom(5') n 
dom (S"^^), n G N, and hence 

lim \\gn-9\\H= lini \\[Esi[-n, -n'^] U [n-\n]) - In]g\\n ^ (3.20) 



proves that dom(S') n dom {S~^) = H. Here Es{-) denotes the strongly right con- 
tinuous family of spectral projections associated with S. 

Next, let / G dom(S') and introduce /„ = Es{{—oo,—n^^] U [n^^ ,oo))f G 
dom(S') n dom (5^1), n G N. Then 

lim ||/„-/||w= lim \\[Esii-<x,~n-']U[n-\^))-In]f\\n = 0, 

lim \\Sfn-Sf\\n^ lim \\[Es{{~oo, -n-^]U [n-\oo)) ^ I-H]Sf\\n ^ 

prove that dom(S') ndom (S^^) is a core for S since / G dom(S') was arbitrary. By 
symmetry between S and S^^, dom(S') n dom (S^^) is also a core for S^^. □ 



The next lemma is of an auxiliary nature and together with Lemma l3.6l the basic 
ingredient for the proof of Theorem 13.81 below. 



Lemma 3.7. Assume Hypothesis and denote by Pjca orthogonal projection 
onto K-A in H2- 

(i) Suppose that dom(^*P^^) n ran(v4) — 1Ca, then 



A* A, = ^*PK;.Lom(A.p,,)nran(A) ^0- (3.22) 
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(m) Assume that ker(yl*) — {0}. Then ICa — 'H2, Pka — ^^2, 



dom(A*) n ran(A) = -Ha, (3.23) 
dom(A*) n ran(A) is a core for A*, (3.24) 



A*Ao^A*Ao. (3.25) 
In particular, if A is self-adjoint inUi satisfying p. II) and (j3.2p . f/ien p.23p - p.25p 
/loZd wif/i — ICa — "Hi . 

Proof, (i) By general principles, A*Ao C A*ylo implies 



AMo C A*Ao = A*Ao, (3.26) 

as the latter is a closed operator (cf. p.l6p ). The reverse inclusion is more subtle, 
though. 

Since A — Aq is unitary, ran(Ao) = ran(A), and A* is closed, one can apply 
Lemma iB.lK w) to obtain 

(3.27) 

Using unitarity of = (^0) j and applying Lemma iB.lK zi) one finally obtains 



A*Ao ^ {{A*P^,Ao)r - A*P^, LonH^.p, jnra„(A) ^0, (3.28) 

employing T — {T*)*, whenever T is densely defined and closable. 

(m) Next, one recalls the fact that for any densely defined closed operator T in Hi 

mapping into 7^2 one has (cf. [591 P- 335], [Ml Theorem IV. 3. 2]) 

ran(T) = ran(|T*|). (3.29) 

Equation (|3?29l) is a consequence of the polar decompositions for T and T* , more 
precisely, of 

T=\T*\Ut, |T*|=TC/|,, \T*\ = Ut\T\Ut, (3.30) 
where Ut is a partial isometry with initial set ran(]T]) and final set ran(T) (and 
hence is a partial isometry with initial set ran(T) and final set ran(|r|)). Using 
the fact that dom(r) = dom(|T|) and applying p.29p to T = A, one concludes 
from Lemma [3.61 and the fact that by hypothesis kei{A*) = ker(|A*|) = {0} and 
hence Pk.^ = : 

dom(A*) n ran(A) = dom(|A*|) n ran(|yl*|) is dense in H2 and a core for \A*\. 

(3.31) 

The polar decomposition for T*, T* ~ U^\T*\ then immediately yields that 

Vq = dom(A*) nran(A) = dom(|A* |) n ran(| A* |) is a core for A*. (3.32) 
Indeed, if / £ doni(A*) — dom(|A*|), there exists /„ £ Vq, n e N, such that 

lim -f\\n = and lim |i|A*|/„ - \A*\f\\n = 0, (3.33) 

n— >-oo n—>oo 

and hence also, 

lim ||A*/„ - A*f\\n = \\UX\A*\f^ - UX\A*\f\\n = 0, (3.34) 

n— >-oo 

proving that Vq is a core for A*. Thus, (|3.22D then yields 



^*^o-^1,_(^.),_(^)Ao = A*^o, (3.35) 
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and hence proves p.25|) . □ 



Since 'H2 — ran(yl) © ker(A*) = K-a ffi ker(A*), one can introduce the operator 
^ fH,Ddoni(A)^/C., 

\/^^/, ^ ' 

and then concludes that 

ker(B*) = ker(|B*|) = v'An{B)^ = {0}, (3.37) 

and that 

A = P^^B. (3.38) 
Thus, an apphcation of Lemma IB.II (m) yields 

A*^B*Pk^. (3.39) 

Moreover, one verifies that 

ICa — ICb, Bq ~ Aq, and hence, B — A. (3.40) 

Given the preparatory Lemmas 13.61 and 13.71 we finally are in a position to for- 
mulate the following result, a resolution of the question posed in the paragraph 
preceding Lemma 

Theorem 3.8. Assume Hvvothesis \3.U Then 



A*Ao = A*Ao. (3.41) 

Proof. Since ker(|B*|) = {0} and is self-adjoint in /Cs = /Ca, (|33T|) and ([3321) 
apply and yield 

dom(S*) n ran(S) = dom(|B*|) n ran(|B*|) is dense in ICb = ICa 
and a core for \B*\ and B*. ^ 
Equation (I02)) together with (jOO)) then yields 



A*Ao = B*Pic^Ao = B*Bo = B*Bo = B*B = B*P,z^B = A*B = A* A 

= A*A^. ^^'^^^ 

Here we used Lemma l3.7l (M) (applied with A replaced by B) in the third equality. 
This proves (l5:iT|) . □ 

Remark 3.9. (i) We note that Hen used in Goldstein and Wacker |42, coincides with 
HlAi = Ha used in the present paper. Moreover, it is noted in [42l Proposition 2.1] 
that G\A\,o (denoted by A in [42]) generates a strongly continuous unitary group. In 
addition, some properties of the domain G|a|.Oi amounting to the validity of p.25p 
(with A replaced by |A| and hence also A* replaced by \A\), are mentioned without 
proof. The last part of Lemma [3.7l and of course Theorem [331 now explicitly provide 
such a proof. 

(a) In connection with the operator Ga,q in (I3.16[) and the second-order Cauchy 
problem (ACP2) considered in the next Section |31 we recall that Jj^ = A* A = 



A* Ala = A*Ao = A*Ao = A* Ala as just shown in Theorem \3M In the simpler 
situation where A* A > elui for some e > 0, one notes (cf. Lemma 12. 7p that 
J* = A* A = A* Ala- The actual choice of A in the factorization of the self-adjoint 
operator S > into S = A* A is oi course highly non- unique. In particular, the 
self-adjoint factorization S ^ S^'^S'^'^ (i.e., A ^ A* ^ \A\ ^ S^''^) is always 
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possible, but may not be the most natural one as the following standard example 
shows. Let S = —A on dom(5') = i/^(R") be the usual self-adjoint Laplacian in 
■Hi = L2(E";d"a;), neN (with i/™(M"), m e N, the standard Sobolev spaces on 
M"). Then 

5= (-A)i/2(_A)i/2 ^ V*V, (3.44) 
with the last factorization being more natural for some purposes. Here dom(V) = 
H\W), H2 = and V* = -div(-) with dom(V*) = [iJ^^")]"- 

(in) We finally note that given the results ([3:36| - (|3:40l) and (fOS]) . the resuh (f3:22|) 
in Lemma [3.7l (z) can be improved as follows and underscores the preliminary nature 
of the latter. Since ran(j4) = ran(_B) and A* = B*Pic^, and hence also 

A* =A*P^^^B*P,Ca, (3-45) 
one concludes from p.42p that 



dom{A*PjCj,) n ran(A) = dom{B*Pic^) D ran(B) 
= dom(B*) nran(S) = /Cs = JCa- 
Thus, Lemma [377l (z) applies and (|3.22p can be amended to read 



(3.46) 



A*Aq^A*P]c.\^ , ,,,Ao^A*\^ ,,.Ao. (3.47) 

Of course, Theorem 13.81 further improves on (I3.47P and yields the final and optimal 
resuh ((OT1) . 

4. Abstract Linear Damped Wave Equations. The Case A*A> elu 

FOR SOME e > 

In this section we now introduce abstract damped wave equations employing 
appropriate perturbation techniques for Dirac-type operators. 

We first treat the case A* A > elui for some £ > and hence introduce the 
following assumptions. 

Hypothesis 4.1. Let Tij, j = 1,2, be complex separable Hilbert spaces. 

(i) Assume that A : dom(A) C T-ii 'H2 is a densely defined, closed, linear operator 
such that 

A* A > elm (4.1) 

for some £ > 0. 

(ii) Let R be a densely defined, closable operator in Tii satisfying 

dom(i?) D dom(yl). (4.2) 
We emphasize that closability of R and the assumption (|4.2|) imply 

Ri\A\~zLn,)-' eBim), z e pi\A\) (4.3) 

(see, e,g., [59l p. 191]). 

In the following we intend to introduce the operator i Ga,r in Ha © Hi and 
study its properties by utilizing its unitary equivalence to the Dirac-type operator 
Q\A\,R in Hi ffi Hi. 

We start by introducing Q\a\.r in Hi ® Hi assuming Hvpothesis 14.11 

Q\AlR^(''^^ '0'), dom(g|^|,;,) = dom(|A|)edom(|A|)CHi©?{i. (4.4) 
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Next, we recall that an operator T in the complex separable Hilbert space % is 
called accretive if 

Re((/,T/)«)>0, /edom(r). (4.5) 
If in addition, T is closed and ran(T + al-u) is dense in % for some a > , then T 
is called m-accretive. Moreover (cf. [351 Proposition C.7.2], [SSI P- 279]) 

T is m-accretive if and only if (4-6) 

(-cx),0) C p{T) and \\{T - zIuY^W sS -[Re(z)]"i for Re(z) < 0. (4.7) 

In particular, an m-accretive operator is equivalent to a closed, densely defined, 
maximal accretive operator. Finally, T is m-accretive if and only if T* is. (We note 
that one also calls T {m-)dissipative whenever — T is (TO-)accretive. However, since 
this definition is not universally accepted in the literature, we shall not adopt it 
here.) 

For the following it is convenient to introduce the quadratic operator pencil M{z) 
in Til, 

M{z) = I^P - izR - z'^I-H, , dom(Af (z)) = dom (l^p) , zE C. (4.8) 
Lemma 4.2. Assume Hvvothesis \A.l[ 

(i) Then M{z), z (£C, is a densely defined, closed operator in Tii. 

(ii) If in addition R* satisfies 

dom(i?*) D dom(A), (4.9) 

then 

M{z)* ^\A\^ +izR* -z^In,, dom(Af(z)*) = dom z e C. (4.10) 

Proof. Since by hypothesis R is bounded with respect to | A |, it is relatively bounded 
with relative bound equal to zero with respect to \A\p for any p > 1 (cf. [85j Theorem 
9.11 (a)]). Thus, for each z € C, M{z) is a closed operator in 7ii by a Kato-Relhch- 
type result (cf. [51 Theorem IV.1.1], [S51 Theorem 5.5]). Since by (gH) also R* is 
relatively bounded with relative bound equal to zero with respect to \A\p for any 
p> 1, one also obtains (|4.10p by a Kato-Rellich-type argument discussed in [551 P- 
111]. □ 

The spectrum and resolvent set of M{-), denoted by a{M{-)) and p{M{-)), re- 
spectively, are then defined by 

a(M(-)) {A G C|0 e (7(Af(A))}, (4.11) 

p(M(-)) - {z e C I G p{M{z))} ^{zeC\ M{z)-^ e BiUi)} 

- Cy(Af(.)). (4.12) 

Theorem 4.3. Assume Huvothesis 14.11 Then Q\a\,r is injective and closed, and 

in T I zM{z)-^ \A\-^+M{z)-\izR + z-'Ih,)\A\- 



^\A\M{z)-' \A\M{z)-\iR + zIn,)\A\-^ 
z e p{Q\A\,R) = {C e C I Af(C)-i g B(Hi)} = p{m{-)), (4.13) 

o{Q\air) = <t{M{-)). (4.14) 
In particular, 

QrAn = (\A\-^ ^ \A\%A\-) ^ ^^^^ ® '^'^^ ^^'''^ 
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and hence 

Oep(g|A|,fl)- (4.16) 
Suppose in addition that R is accretive. Then also i Q\a\,b. '■s accretive and — z Q\a\.b^ 
generates a contraction semigroup in "Hi (D'Hi, denoted by exjp{~iQ\A\,Rt)j t>0. 

Proof. To prove injectivity of Q\a\,r, assume /, g G dom(|yl|) and Q\A\,R{f 9)^ — 
0. Then -iRf+\A\g = and \A\f = imply / = since ker(A) = ker(|^|) = {0} 
by (|4.1|) and hence also \A\g = 0, implying 51 = as well. That Q\a\.r is closed in 
T-Li © Hi follows from an application of [79l Corollary 2.2.11 (ii)]. (Alternatively, 
one can first establish (I4.15P directly and then use again the fact that since Q\a\,r 
is injective, Q^"^ ^ G BCHi © Hi) implies closedness of Q~2^ ^ and hence that of 
Om,i?by iSlp.Sl].) 

Denoting temporarily the right-hand side of (|4.13p by Sia\,r{z), one notes that 
S\a\,r{z) G BCHi ©Hi), z G p(M(-)), by (|4T|) and (ji^j) . A simple computation 
then yields that 

{Q\A\,R - zI-HiBHi) S\A\,Riz) = IUi®Ui, 

S\air{z) {Q\AiR - zln.en,) = In.en, ldom(|A|)edom(|A|)' (^.17) 
z G {C e C I Af(C)-i G f^(Hi)} - p(Af(.)), 

implying 

p{M{-)) C p{Qia\,r)- (4.18) 
Conversely, let z G p{Q\a\,r)- Then the resolvent of Q\a\,r is necessarily of the 
2x2 block operator form with respect to Hi © H2, 

(Q|A|,«-^/«.e«J-'= (I'll^j S'^Sz))' ^^''(^l-^l-^-)' ^^-^^^ 

where %fc(z) G B{Hk,Hj), j, fc G {1,2}, z G p{Q\air)- Thus, 

0\ |A| \ /5i,i(z) Si,2{zy 

/wj V |A| -zluj \S2Az) S2.2{z), 

'{-iR - zIh,)Si,i{z) + \A\S2.i{z) i-iR - zIn,)Si,2{z) + 1^1^2,2(2)' 

|^|^l,l(z) - zS2,l{z) \A\Si,2[z) - ZS2,2{Z) 

z(^ p{Q\a\,r). (4.20) 

in particular, 

S2Az) = ^~M\SiAz), zep(Q|A|,fl)\{0}, (4.21) 

and hence 

z-WA\^ ~izR^z^In,)Si.i{z)=In^. z(.p{Q\air)\{^}- (4.22) 

Thus, z~-'^5i.i(z) is a bounded right-inverse of M{z), z G p{Q\a\,r)\{^} ■ An anal- 
ogous computation yields 

Z-l5l,l(z)(|A|2 - izi? - ^'/Wi) = Idom(IAP)' ^ e P(QlAl,fl)\{0}, 

(4.23) 

and hence z~^S'i^i(z) is also a bounded left-inverse of M{z). Thus, 

p{Q\a\m)\{^} C p{M{-)). (4.24) 

Since by hypothesis (|4.ip . G p(Q|A|.i?,) ^ p(-^^('))j 01^6 concludes /3(Q|a|,_r) = 
p(M(-)) and hence dUmi-dlllll). 
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Ga,r — 



Finally, assuming f,g £ doni(|v4|) one computes 

Re (((/ gy,z Q^AiB. if 9V)n,enJ = ((/' ^ 0' (4.25) 

since \ A\ is self-adjoint. This proves that i Q\a\.r is accretive. Equation (|4.16p yields 
a sufficiently small open disk with center at in the resolvent set of —iQ\A\.R a-nd 
this fact combined with the Lumer-Phillips Theorem fB3^ (cf. [3D1 Theorem II. 3. 15]) 
then proves that —i Q\a\.r generates a contraction semigroup. □ 

We note that block operator matrices and their inverses, and more specifically, 
spectral properties of 2 x 2 block operator matrices have been studied extensively 
in the literature. We refer, for instance, to g], [H], [201 Sect. VI.6], [iS]. [5D ] . [55 ] . 
[66], [67], [75], [23 Ch. 2], [80], [83], and [87]. 

Still assuming Hypothesis 14.11 we next introduce the operator Ga b. in Ha (BHi 

by 

Ja \ ^ f 0^ Ja\ 

-Ja -R) \-A*A (4.26) 
dom(GA,fl) = dom [A* A) © dom(A) CHa®Hi. 
In particular, one notes that 

Ga,r = G\A\,R. (4.27) 
Theorem 4.4. Assume Hypothesis lA.U Then 

Q\A\,R^Up^^iGA.,RUz}^. (4.28) 

In particular, the operator Ga.r is densely defined and closed in the energy space 
Ha®Hi. 

If in addition R is accretive, then also —Ga.r is accretive and Ga.r generates 
a contraction semigroup in Ha ffi Hi, denoted by exp(GA.Rt), t >0. 

Proof. To prove (|4.28p , one can closely follow the proof of Theorem 12.81 in the 
special case R — 0. In particular, since we will use Q\a\,r (instead of Qa.r.) this 
permits us to replace the pair {A, A*) by (1^41, \A\) and hence replace the projection 
Pkor(QA o) by (cf. (|2.69[) . (|2.70[) ). Alternatively, one can also argue as follows (cf. 

(12331) . (EH, and ^mi~^M)- 



dom(l^l) © dom(|A|) 



i{\A\) 'dom(|^|)\ ^ f i Ja\A\-' dom{\A\)\ 
dom(|A|) J \ dom(|A|) J 



Ja(AM)-i/2 dom ((yl*yl)i/2) 
dom(^) 

iJAdom{A*A)\ _ fi dom{A*ALA)\ _ fi dom(yl*I)' 
dom(A) J ^ \ dom{A) J ^ \ dom(A) 

= dom{GA,R), (4.29) 

where we used (|2.37|1 in the next to last step. Analogously to ()2.56p one then 
obtains 
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0_ /«A (Ja _ 

-i\A\ ) \-R -i\A\hA{\A\Y 

0_ ( Ja 

-i\A\ ) \-R -i\A\^ 

f-iR \A\\ _ (-iR \A\' 



\\A\Ja J \\A\ 

= Q\A\M, (4.30) 

using (|2.66p in the next to last step. 

Closedness of Ga,r in T-Ia © 'Hi then fohows from (|4.30p and that of Q\a\,r (cf- 
Theorem 14. 3p . Similarly, if R is accretive, then the contraction semigroup property 
of Ga,r follows from the one of — i Qi^i,/? in Theorem l4.3| using (|4.30|) again. □ 

We note again that the unitary equivalence in (|4.28p has been observed by Huang 
[54l Proposition 3.1]. While the contraction semigroup result for Ga,r in Theorem 
4.41 is well-known (see, e.g., [20l Sect. VI. 3]), we presented it in some detail to 
illustrate the usefulness of the unitary equivalence relation with the Dirac-type 
operator Q\a\,r which leads to a rather simple proof. 

We also mention the analog of the result (|4.28|) when using A and A* in place 
of 1^1 . Introducing the operator Qa,r in Hi H2 by 

* ^ ^* ' dom{QA,R) = dom(yl) © dom(^*) C Hi ® ^2 (4.31) 



iA,R 



A 



one obtains the following result. 

Theorem 4.5. Assume Hypothesis 14 A[ Then 

QA.,R{IH^ © [In, - i^ker(A*)]) = U^iGa..rU~\ (4.32) 

Proof. It suffices to combine Theorem [2H (EH]), (|X28)) . and 

□ 



Theorem 14.51 appears to be a new result. 

Next, we briefly recall the notion of classical solutions of first-order and second- 
order Cauchy problems. First, let G be a densely defined, closed, linear operator 
in a Hilbert space H. Then the abstract Cauchy Problem (ACP) associated with 
G, by definition, is the initial value problem (cf., e.g., HOJ Sect. II. 6], Ch. I], 
[291 Sect. II.l]) 

xit) = Gxit), t > 0, 

m I ^ ~ (4.34) 
x{0) = xq eH. 

Here we denote x{t) = (^x)(t). 

By definition, a classical solution of the ACP (j4.34p is then a map x : [0, oo) H 
which satisfies. 

X 6 Gi([0,oo);H), 

x{t) G dom(G), t > 0, (4.35) 
X satisfies (|4.34p . 
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In particular, if G is the generator of a strongly continuous semigroup T{t) ~ e'-^*, 
i > 0, in then for any xq G doin(G), the unique classical solution x = x{t) of 
(j4.34p is given by 

x{t) = e^^XQ, t > 0, xo e doni(G'). (4.36) 

Moreover, the classical solution of (|4.34l) exists if and only if G doni(G). 

Similarly, let R and S be densely defined, closed, linear operators in %. Then 
the abstract second-order Cauchy Problem (ACP2) associated with R and S is by 
definition the initial value problem (cf., e.g., [12], [17], [H], [20l Sect. VI.3], [H 
Chs. II, III, VIII], [H Sect. II.7], [88]), 

u(t) + RiiU) + Suit) = 0, i > 0, 

(4.37) 

u(0) =uoen, ?i(0) = uien. ^ ^ 

By definition, a classical solution of the ACP2 (|4.37p is then a map u : [0, 00) — H 
which satisfies. 

u G C2([0,oo);H), 

u(i) G dom(S'), i > 0, and Su G C([0, 00); H), 
u(t) G dom(i?), t > 0, and i?u G C([0, 00); H), 



satisfies (|437)) . 



Corollary 4.6. Assume Hypothesis 14.11 anrf suppose that R is accretive. In addi- 
tion, let 



G dom(G'A,fi) = dom(^*AM) © dom(^) C ® -Hi. (4.39) 



Then 



yw^ (•'«). e=..-(»),.>o, («0, 

is the unique classical solution of the ACP, 

Y{t) = GA,RY{t), t > 0, 

y(o) = 



(4.41) 



associated with Ga,r, o,nd 

u{t) = iAy{t), t > 0, (4.42) 
is the unique classical solution of the ACP2, 

u[t) + Ru{t) + A*Au{t) = 0, i > 0, 

w(0) = iAj/O, "(0) = zo, 
associated with R and A* A. 



(4.43) 



Proof. One only needs to verify (|4.42p . (|4.43p . and uniqueness of u. From (|4.40p 
one infers 

V{-) G Ci([0, «)); Ha), y{t) G dom(Jl) = dom(AMM), 
2;(i) G dom(JA) = dom(A), t > 0, with y — Jaz, 

and 

z(-) e Ci([0,cx));Hi) with i -AMtAy - i?z. (4.45) 
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Hence by (I4.42|) one obtains 

u{-) ^ iAV[-) e C^([0,oo);Hi) with ii ^ laV = laJaz z, (4.46) 
since la G B{'Ha,'Hi). Moreover, this shows that u{-) G C^([0, oo); T^i), implying 
m(-) e C^([0, oo); ni) and u = i ^ -A*ALAy - Rz ^ -A*Au - Rii. (4.47) 

Consequently, u{-) = lav{ ) is a classical solution of (|4.43p . 

Finally, uniqueness of m(-) is shown as in [20! Prop. VI. 3. 2]. First of all one notes 
that Ay{-) = Au{-) G Ci([0, oo); %), implying ly(-) = Au{-) e C([0, cx)); H2). 
Hence one has 

Ru{-) = [i?(|A|+/„J-i](|A|+/„Ju(.) GC([0,oo);Hi), (4.48) 
which in turn implies 

A*Au{-) = -u{-) ~ Ru{-) e C([0, 00); Hi). (4.49) 
Now suppose that u{-) satisfies (|4.43l) with (yoj^o) — (0,0). Then 

/* '^^ {^Tilf^ = {^^ ^{(Ir^^'O ^ ® dom(A), t > 0, (4.50) 

and 

'jAjldsu{s)\^( JAu{t) 

u{t) ) \~A*Aj*dsu(s)-Ru(t)^ 

JAu{t) 

/p ds A*Au{s) - /g ds Ru{s)^ 

'JAu{t)'^ 
u{t) 

Thus, is a mild solution (cf., e.g., Hi Ch. H.6]) of ¥{■) = GA,fly(-) 

satisfying Y(Q) = 0. But then, Y{t) = 0, t > (cf. [20l Proposition VI.3.2]), and 
hence u{t) = 0, i > (cf. [20l Prop. H.6.4]). □ 

Again, Corollary 14.61 is well-known (see, e.g., [201 Sect. VI. 3]); for completeness, 
and due to its importance, we presented its proof in some detail. 

Remark 4.7. In the special case R = 0, and assuming Hypothesis 14. 1[ the self- 
adjointness of iGa.o in Ha © Hi then yields the unitary group e*^'^ "*, t £ M., in 
'Ha ® Hi. Explicitly, using 

J* = A* A, JaJ*a = JAA*AiA - l-/A*Ala, (4.52) 

gGA.ot i^jjg energy space Ha Hi, is of the form 

^G.ot_(JA Q\( cos(|A|t) \A\-^\s\n{\A\t)\(LA 
IhJ \-\A\M\m cos{\A\t) )\Q In,, 
JACOs.{\A\t) LA J^l^r^l sin(|A|t)^ 
^-\A\s\n{}A\t) LA cos(|A|t) 

using the spectral theorem to define appropriate functions of the self-adjoint non- 
negative operator \A\ = {A* Ay/"^ in Hi. By (IT^ . e'^^ "* in Ha ® Hi is unitarily 
equivalent to e~*'3|A|,o ^tv Hi © Hi and explicitly given by 

'"'^'nll "'''n^itPV ^eK- (4-54) 
-isva{\A\t) cos(|A|t) / ' ^ ' 



t > 0. (4.51) 



e 



(4.53) 



t e 
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While we primarily focused on (dissipative) damping operators satisfying Hy- 
pothesis |43](m), we emphasize that a variety of different conditions on R have also 
been studied in the literature. We refer, for instance, to [2], [3], [S], [TU], [H], [H], 
[201 Sect. VI.3], i22j Ch. VIII], [43], [50], [51], [52], [53], [54], [55], [56], [57], [81], 
[83], [84], [86]. 

We continue with an illustrative example in which R is assumed to commute 
with \A\. 

Example 4.8. Assume Hvpothesis \4:.l\ and consider the special case where R is an 
appropriate function of \A\, that is, R — 2F{\A\) > 0. Abbreviating 

T{\A\) = [\A\' ~ Fi\A\fY/' (4.55) 

one then obtains 

'Ja 

( [cos{n\A\)t) T{\A\)-^sHn\A\)t) \ 

+F{\A\)T{\A\)-^sin{T{\A\)t)\ 



X 



-|Apr(|Arisin(r(|A|)i) [cos(r(|^|)i) 

V -F{\A\)T{\A\)-^sHT{\A\)t)\) 
lo In. 

( JA[cos(T(\A\)t) J^r(|A|)-isin(r(|A|)i) \ 

-F{\A\)T{\A\)-^Mn\A\)t)\LA 

-\A\^T{\A\)-^^in{T{\A\)t)iA [cos(r(|^|)t) 

V -F{\A\)T{\A\)-^sHT{\A\)t)\j 

t > 0. (4.56) 

We note that cos{T {\A\)t) and T {\A\)-^ siii{T{\ A\)t) are in fact functions ofT{\A\f 
and hence the precise specification of the square root branch in (|4.55p does not enter 
in (|4.56p . In addition, using the spectral theorem for T{\A\), one obtains that 

n\A\r^ sin(r(|A|)t) = /(r(|A|)) = / /([A^ - F{\f]"^) dE\A\{\) e B{m) 

(4.57) 

is well-defined without assuming that r(|^|) is boundedly invertible in Hi by choos- 
ing 

^^^^ ^ rsin(Mt)/M, .>0, ^^^^3^ 
[t, fi^O. 
Next, we intend to exploit the unitary equivalence between Ga,r in T~La ffi 
and the Dirac-type operator Q\a\.r in Tii ® TLi in (j4.28p and thus we now turn to 
g-itQiAiR^ Noticing that 

-2ia l\ I —ia 1 



( cos{bt) — ab sm{bt) —ib sin(M) \ , , 

-ib-^ sinibt) cos{bt) + ab-^sm{bt)) ' ^ > 
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2^1/2 



a e M, 6 = (1 - a'-Yl\ t > 0, 



one obtains 



g-iQ|A|,ijt = g--F(l^l)t 



/ cos(r(|A|)t) ^i\A\r{\A\)-^ smiri\A\)t) \ 
-F{\A\)r{\A\)-^sm{r{\A\)t) 

sin(r(|A|)<) cos(r(|A|)i) 

V +F{\A\)Ti\A\r'sin{T{\A\)t)J 

[0,oo) 

/ cos(r(A)t) -iAr(A)-isin(r(A)i) 

-i^(A)r(A)-isin(r(A)t) 



-ar(A)-isin(r(A)t) cos(r(A)t) 

V +F(A)r(A)-isin(r(A)i); 



t > 0. (4.60) 



For the norm of the semigroup of e'^^'"^, t > 0, one thus obtains {cf. ^ Sect. 
5.3]) 



\B(-HaS)-Hi) 



-iQl 



^|A|-esssup^g^(l^l) 

/ cos(r(A)<) -iAr(A)-isin(r(A)i) \ 

-F(A)r(A)-i sin(r(A)t) 



(4.61) 



-i\T{\)-^sm{T{X)t) cos(r(A)t) 
V +F(A)r(A)-isin(r(A)t); 

Denoting temporarily the 2x2 matrix under the norm in (|4.6ip by M{X), A G 
cr(|A|), to compute the norm of M{\) one computes the square root of the larger of 
the two eigenvalues of M{X)*M{X), that is, 

a{M{\YM{\)) = {sl(M(A))^S2(A^(A))2}, < si(M(A)) < S2(M(A)), (4.62) 

with Sj{M{X)), j — 1,2, the singular values of M{X), and 

||M(A)||c2 =S2(M(A)). (4.63) 

An explicit computation yields 

[A2 - F(A)2] 



s,{M{X)) 



(4.64) 



■ f(A)|sin^([A2-F(A)2]V2,)| | 
+ (-!)■' [;^2_j^(;^)2]i/2 j' ^ = 1'2, Aea(|A|). 

Combining ([ileTt . dMll), anrf (gUl), one finally obtains 



I _ |L-iQ|A|,Rt II 



^^|A|-esssup;^g^(m) e" 



F(A)2sin^([A2-f(A)2]V2,) 
[A2 - F(A)2] 



1/2 
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f(A)|sin^([A"-J^(A)"]V^t) 

[A2 -f^(A)2]l/2 



(4.65) 



<C i^,.,({Ae.(|A|)|F(A)2.A2})=0, 
w/iere 

w(G^,2i=^(^)) =i^|A|-essinf^^^(l^jF(A) - [{F{X)' ~ X')+]'^^], (4.67) 
and C > is an appropriate constant. Here 

= 1 n ^ n ^^-^^^ 
10, a; < 0. 

The projection operator-valued measure E^a\{-) in ()4.6ip . ()4.65p - (|4.67p can be re- 
placed by an equivalent scalar control measure p\A\i')- For instance, one can choose 

with {i/jijIjgN a complete orthonormal system in "Hi. 

In particular, —oj{Ga.2F(\a\)) represents the semigroup growth bound [or type) 
gf f,GA,2F(\A\)t ^ t > [cf., e.g., I20j Definition 1.5.6]). Moreover, alluding to the 
spectral theorem for Q\a\.2F(\a\), —'-^{Ga,2F{\a\)) coincides with the spectral bound 
(cf., e.g., [Snj Definition II. 1.1 2]) of G a,2F(\a\) (and hence that of —iQ\A\.2F(\A\))■ 
l^l this commutative context we also refer to |47] where matrix multiphcation 
operators generating one-parameter semigroups are studied. 

Remark 4.9. We note that the special example where R = 2F(A) = \A\"-, a £ [0, 1], 
has been discussed in [S] and [SI], and in the case a < in [52] ■ The case a £ K 
is studied in [21]. In particular, Huang [54l Corollary 3.6] estimated the semigroup 
growth bound for e*^-*-^*, t > 0, from above using a combination of Gearhart's 
theorem, the unitary equivalence (|4.28p . and certain norm estimates. Since he does 
not rely on the spectral theorem, his bound difi'ers from the exact result in (j4.67p 
in the case R = a G [0, 1]. On the other hand, his technique also yields an 

upper bound in cases where R and \A\ do not commute. 

5. Abstract Linear Damped Wave Equations. The Case mi(a(A* A)) = 



The principal aim of this section is to relax Hypothesis 14.11 and remove the 
hypothesis that A* A is strictly positive definite. 

Our basic hypothesis for this section reads as follows. 

Hypothesis 5.1. Let TLj, j ~ 1,2, be complex separable Hilbert .spaces. 

(i) Assume that A : dom(j4) C "Hi — 7^2 is a densely defined, closed, linear operator 
satisfying 

kei(A) = {0} (5.1) 

and 

mi(a(A*A)) = 0. (5.2) 

(ii) Let R be a densely defined, closable operator in Tii satisfying 

dom(R) n dom(i?*) D dom(yl). (5.3) 
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As in the previous section we start by introducing Q\a\,r in © T~Li assuming 
Hypothesis 15.11 

Q\A\,R^(^'j^ 'q'), dom(g|^|^^) = dom(|A|)©dom(m)C?{i©7^i, (5.4) 

and the quadratic operator pencil M(-) in T-ii, 

M{z) ^\A\^ -izR~ z^Im, dom(M(z)) = dom(|A|2), z G C. (5.5) 
We note that even though the pencil M(-) has unbounded coefficients, replacing 

M(-) by M(-)(|Ap + I-u) ^ reduces matters to a pencil with bounded coefficients, 
in particular, [BH Lemma 20.1] applies to the spectrum of M{-) in this context. 

Lemma 5.2. Assume Hvvothesis 15.11 

(i) Then M{z), z (zC, is a densely defined, closed operator in "Hi. 
(a) In addition, 

M{z)* ^\A\^ + izR* -z^I-m, dom(Af(z)*) = dom(|^|2), z G C. (5.6) 

(Hi) Let z G p{M{-)), then 

\A\M{zr' = \A\M{z)-^ G Bi-Hi), M{z)~^A\ = [|^|(M(z)*)-i] * G 6(Hi), 

\A\M{z)-^A\ G B{ni). (5.7) 

Proof. The first two items can be shown as in Lemma 14.21 and so we focus on 
the proof of item (Hi). The fact that \A\M{zy^ and \A\{M{z)*)-^ are bounded 
operators on 'Hi is immediate by (|5.3p and (|5.6p . Similarly, 

M(z)-i|^| = [\A\{M{zr)-']* e BCHi). (5.8) 

For the third operator in (|5.7p one first observes that |ylpM(2:)~^ G B{'Hi) by the 
closed graph theorem, implying \A\'^\M{z)-'^\ G B{ni). By [71 Theorem X.18(a)] 
(alternatively, by Heinz's inequality, [851 Theorem 9.4(b)]) also |A||M(z)|^^/^ G 
BiTii). Consequently, one also obtains \M{z)\'^/^\A\ = {\A\\M{z)\-^/^)* e B{Hi). 
Replacing M{z) by M{z)* (cf. (|5^ ). one also concludes that \A\\M{z)*\^'^/^ G 
B{'Hi). Next, using the generalized polar decomposition for M{z)~^ (cf. [25]). 

M(z)-i = \M{zr\-^/^V^Mi.)\-^\M{z)\-'/^ (5.9) 

(with V\M(z)\-^ partial isometry in Tii in the standard polar decomposition of 

M{z)-^, M{z)-^ = V|M(2)|-i|A/(^)r^), one infers that 

|^|Af(z)-i|^| = |A||(Af(z)-i)*|i/2v^M(.)|-i|M(z)-i|i/2|^| e BiHi). (5.10) 

□ 

Next, Theorem 14.31 requires some modifications. 
Theorem 5.3. Assume Huvothesis \5A\ Then Q\a\,r injective and closed, and 

(n .T .-i_(zM{zr^ M{z)-^\A \ \ 

{Q\AiB- zln.^n.) -y\A\M{z)-' z-'\mWM\-z-'lnJ' ^ ^ 

z e piQ\A\,B)\m = {C e C I Af (C)-i g B{ni)} = p{M{-)), 
a(Q|^l,^)U{0} = a(Af(.)). (5.12) 



ABSTRACT WAVE EQUATIONS AND DIRAC-TYPE OPERATORS 



27 



Suppose in addition that R is accretive. Then iX G p{M{-)) for all X > and also 
iQ\A\,R is accretive. Moreover, —iQ\A\,R then generates a contraction semigroup 
in Hi ® Hi, denoted by exp(— i Q\a\,r t), i > 0. 

Proof. Injectivity and closedness of Q\a\,r follow as in the proof of Theorem 14.31 

Next, one recalls that G cr(M(-)) since M(0) = |Ap and e a{\A\) (of. (lOI) ). 
Temporarily denoting the right-hand side of (|5.11|) by T\a\,r{z) for z e p{M{-)), 
one concludes that T\a\,r{z) G B{Hi (BHi) by Lemma. \5l2\ (iii). That T^a\,r{z) — 
iQ\A\,R—zI-Hi®'Hi)~^ can now be checked directly. This proves p(M(-)) C p{Q\a\,r)- 
Conversely, if z G p{Q\a\.r)\{0}: the approach used in (|4.19p - (|4.24p also works in 
the present more general context and hence yields p{Q\a\.r)\{^} ^ p{^{'))- This 
proves ([STTj) and ([5TT2| . 

If R is accretive, then so is i Q\a\,r- Next, we rewrite M{i A), A > in (|5.5p as 

M{iX) = \A\^ + XR + X^Im 

= A(|Ap + I^y^' + In,r'^'R{\A\' + In,)-''' + A-^/^J 

X {\A\^ + Ih,Y'\ A>0. (5.13) 

Since + /-hJ +/-Hi)"^^^ G 'B('Hi), and accretivity of R implies 

accretivity of {\A\'^ + lu^Y^''^ R{\A\'^ + luiY^''^ ', one concludes that in fact, 

{\A\^ + I'H,y^'^R{\A\^ + In,y^'^ ism-accretive (5.14) 
(cf. PI p. 279], 1^) and hence 

[{\A\^ + lH,y^'^R{\A\' + In,y''' + X-'lH,Y' eB{Hi), A > 0. (5.15) 
Equation (|5.15p implies 

M{iX)-^ eB{Hi), A>0. (5.16) 

Equation (|5.11l) then yields {Q\a\,r - iXy^ G B(Hi © H2), A > 0, and this fact 
combined with the Lumer-Phillips Theorem [63] (cf. [20l Theorem II. 3. 15]) then 
again proves that —i Q\a\.r generates a contraction semigroup. □ 

Remark 5.4. (i) Without additional restrictions on R it is not possible to decide 
whether or not G o'{Q\a\,r) (although, one always has G a{M{-))). 
[ii) An alternative argument for (|5.16p can be formulated as follows. An application 
of Cauchy's inequality yields 

||M(zA)/ll«Jl/ll«, > l(/,Af(*A)/)„J > Re((/,Af(*A)/)„J 

>XRe{{f,Rf)u,) + XWH,>>^WH,^ A>0, /Gdomd^l^). (5.17) 

In particular, \\M{iX)f\\ux — -^^ll/llwi yields that AI{iX) is injective for all A > 0. 
The analogous argument proves that also M{iX)* is injective for all A > 0. Thus, 

ker(Af(i A)*) = ran(Af(i A))^ = {0}, A > 0, (5.18) 

implies that Af(iA), A > 0, is a bijection which in turn yields (|5.16p since Af(iA) 
and hence Af(jA)~^ are closed in Hi. 

(Hi) If in addition, R is bounded with respect to A with relative bound less than 
one, that is, there exist constants < a < 1 and 6 > such that 

WRfWn, < a\\\A\f\\n, + b\\f\\n,, f e dom(|Al) (5.19) 
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(here we used that = / G dom(A) — dom(|v4|), using the polar 

decomposition for A and jAj), one conchides that there exists c > such that 

< a^^i +5^"2 < g^-i^ /x>0, (/e-Hi. (5.20) 

In particular, one can choose < c < 1 for < sufficiently large. This then yields 

M(iA)-i = (|^|2 + Ai? + A2/^J-i 

= {W + y^iuiY^ Vu. + + e 6(^i) (5.21) 

for < A sufficiently large, 

since then A||i?(|Ap + '^^)^^||g(^ ■) < c < 1. (One observes that accretivity of 
R was not used in arriving at (|5.2ip .) Together with accretivity of R this again 
permits the application of the Lumer-Phillips Theorem to the effect that —iQ\A\,R 
is generating a contraction semigroup. 

The following remark is not explicitly used in this paper, but its perturbation 
theoretic context is relevant when considering Q\a\.r = ^ ^ a-s an operator 

sum of Q\A\fi — {^\A\ ) ^^"^ ( o^o) invoking the notion of off-diagonal 
dominance as discussed, for instance, in [79, Sect. 2. 2]. 

Remark 5.5. Suppose S is m-accretive (resp., self-adjoint) in H. and T is accretive 
(resp., symmetric) in H with dom(T) 3 dom(S') and assume that there exists 
constants 0<a<l,6>0 such that 

||T/||w<a||5/||w + 6||/||«, /edom(5). (5.22) 

Then S + T defined on dom(5 + T) = dom(5) is m-accretive (resp., self-adjoint) 
in n, in particular, S + T is closed on dom(S') in n (cf., e.g., ^ Sect. III.2], ^ 
Sect. 1.6], [59| Sects. IV. 1, V.4]). 

The choice T = —S shows that one cannot permit a = 1 in (j5.22p as the zero 
operator is not closed on dom(S') if the latter is only dense in H. Moreover, if a > 1, 
then S + T need not be m-accretive on dom(5) as the following simple example 
shows. Consider 

Sof = /', / e dom(^o) = H^iiO, ^)) = {.9 e ^'([0, cx)); da;) | g G AC{[0, R]) 

for all i? > 0; 5(0) = 0; 5' G L^{[0,oo);dx)}. (5.23) 

Then So is m-accretive and generates the semigroup 

(e-^"*/)(a^) - -t), / G L\[Q, ^); dx), t > 0, (5.24) 

in i^([0, 00); dx), where /, denotes the extension of / to M such that f*{x) vanishes 
for a.e. x < 0. The adjoint semigroup is given by 

(e-^« V)(x) = fix + t), / G L\[0, 00); dx), t > 0, (5.25) 

with generator 

S*of - -/', / e dom(5*) = i/i((0,oo)) = {ge L\[0,^y,dx)\ g e AC{[0,R]) 

for aU R>0; g' e L^{[0,oo);dx)}. (5.26) 
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In particular, Sq 3 —Sq. Next, consider Ta — uSq, a > 0. Then for < a < 1, 
So + Ta = (1 — a)So is m-accretive in i^([0, oo); dx), but for a > 1, So + Ta — 
— (a — l)5o is closed but not m-accretive in i^([0, oo); dx). 

Still assuming Hypothesis 15 .11 we next introduce the operator Ga r in Ha ffi 

by 

Ja \ ^ f 0^ Ja\ 

-J*A -R) \-A*A -r)' (5.27) 
dom(GA,fl,) = dom {A* A) ® doni(A) C Ha © Hi. 
The same proof as for Theorem 14.41 also yields the following result. 
Theorem 5.6. Assume Hypothesis \5.1\ Then 



QlA\.R = Up^^iGA,RUz}^. (5.28) 

In particular, the operator Ga.r is densely defined and closed in the energy space 
Ha® Hi. 

If in addition R is accretive, then iX G p(M(-)) for some A > 0, and also —G\a\,r. 
is accretive and G\a\.r generates a contraction semigroup in Ha ffi Hi, denoted by 
eMG\A\,Rt),t>0. 

We also mention the analog of the result (|5.28p when replacing \A\ by A. 

Theorem 5.7. Assume Hypothesis \5A[ Then 

QA.,R{In^ © [In, - Pker(A*)]) = U^iGa,rU~\ (5.29) 

We continue with an illustrative example. 

Example 5.8. Considering the prototypical example of a nonnegative operator 
A > in a Hilbert space H, with ker(A) = {0}, one can, without loss of generality, 
restrict one's attention to the case of H = L^([0, oo); dp) (with p a Borel measure 
on [0,oo) satisfying p({0}) — 0) and A being the operator of multiplication with the 
independent variable so that 

a{A) ^ supp(dp) (5.30) 
{with supp(-) denoting the topological, i.e., smallest closed, support). For example, 
one could simply choose Lebesgue measure dp{X) — dX on [0,oo). Introducing the 
weighted -spaces 

H^"') = L^{[0,oo);X^"dp{X)), n G No, (5.31) 

one verifies that 

H^H^'^K Ha^H^^K dom (A") = n n e N, 

dom(yll) = H^^^ r\H^^\ 

Moreover, one notes that there will be elements in Ha\H if and only if v[d{a{A)) = 
0, since otherwise the natural imbedding la would be continuous by the closed graph 
theorem. Similarly there will be elements in H\Ha if o,nd only if A is unbounded 
{i.e., if and only if s\xp{a{A)) — oo). 

Next, one checks that the unique classical solution of the ACP 

Y{t) ^ GAflY{t), t > 0, 

Y{0) = (f) e dom{GA,o), ^^'^^^ 



(5.32) 
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is given by 

Y{t) = e'^^'«*Y{0), t > 0, (5.34) 

with 

y—Xsm{tX) cos{tX) J ~ 
Similarly, the classical solution of ACP2 

+A'^u(t) ^0, t> 0, 

, ~ (5.36) 
ii(0) =uq e doTa[A'^), u{Q) = wi G doni(A), 

is given by 

u(t,A) =cos(U)Mo(A) + A"isin(tA)ui(A), t > 0, A > 0. (5.37) 

Hence, if one chooses YiJ)) G H*-"' © 'H^^'' with support in (0, 1) [such that auto- 
matically, Y{Q) G H'-"'^-' ©'H'^-'), then the first component ofY{t) will solve ACP2 if 
and only if yo £ T^*-*^-*. In particular, there are classical solutions 0/ ACP which to 
not correspond to classical solutions 0/ACP2 if \'ni{a{A)) = 0. 

Concerning conserved quantities in connection with the abstract wave equations 
we now mention the following result. 

Lemma 5.9. Let T-Lj, j = 1,2, be complex separable Hilbert spaces and assume 
that A : dom(yl) C 'Hi —5- "^2 is a densely defined, closed, linear operator. Let 
B : doni(i3) C T-ii — > T-li be some closed operator which commutes with \A\ in the 
sense that B\A\ C |j4|_B. In addition, let R be a densely defined, closable operator 
in Hi satisfying doni(_R) D dom(A). Suppose u is a classical solution of 

il + Ru + A*Au = 0, (5.38) 

such that B\A\u{-) G C^{[0, 00); Hi), Bu{-) G C\[0, 00); Hi) and Ru{-) G dom(B). 
Then 

JtiWBi^Wn, + UBuWl,^] = ^2Re{Bu,BRu)n,. (5.39) 

In particular, the right-hand side of (|5.39l) vanishes if R ^ 0, that is, in the ab- 
sence of damping, and hence [\\Bu\\'y^_^ + \\ABu\\^^'\ represents a family of conserved 
quantities for il + A*Au — 0. 

Proof. One computes 

j^[\\Bu\\l, + WABufn^] =l[\\Burn^ + \MBu\\l^] 

= 2Re {{Bu,Bil)n,+{\A\Bu,\A\Bu)n,) 
= 2 Re {{Bii, B[-Ru - |Apu])«, + {Bu, \A\^Bu)'h,) 
= 2 Re ( - {Bu, BRu)n, - [Bu, [S| - \A\^B]u)n,) 
= -2Re{{Bu,BRu)-H,). (5.40) 

□ 

One observes that the special case B = I-u^ in (|5.39p is usually associated with 
the energy of the abstract wave equation u-\-A*Au = (resp., ii Rii -\- A* Au = 0). 
Typical examples for B would he B ~ \A\" , a G [0, 1]. 
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Remark 5.10. More generally, let a G M if B*B > sI-Hi for some e > and a > 
if Yai{a{B* B)) = 0. Assuming that u satisfies 

u + Ru+ [{B*Bf + C*C{B*B)°'] u = 0, (5.41) 

and assuming additional appropriate conditions on u, u, R, B, C, one obtains 

= -2Rei\B\''Ru,\B\''u)m- (5.42) 

Again, the right-hand side of (j5.42p vanishes if i? = 0, that is, in the absence of 
damping. 

A situation equivalent to the special case a = 1 has recently been studied in 
[55] in the concrete context of plate equations. In this connection we recall that 

\\\C\\B\'-urn^^\\C\B\^-u\\l^,etc. 

Sketch of proof of (IPS]) . 

= 2Re (dSrii, |Srw)„, + {\B\"+^u, \B\"+\)-h, 

+ {\C\\B\^'^u,\C\\B\^''u)ni] 
= 2Re ((|B|"[-i?u - \Bfu - \Cf\B\^'^u], |B|"u)„, 

+ ilBr+'ii, \Br+^u)ni + (|C||i?p"u, \C\\B\''^u)ni) 

= 2Re ( - (isr^, \B\^Ru)ni - {\B\''\C\^\B\^"u, \B\''u)ni 

+ {\C\\B\^'^u,\C\\B\^''u)ni) 
= -2Rc(|B|"i?M, |B|"m)«,. (5.43) 

6. Equipartition of Energy for Supersymmetric Dirac-Type 
Operators and Abstract Wave Equations 

In this section we briefly revisit the notion of asymptotic equipartition for ab- 
stract wave equations (in the absence of damping) and show that it implies the 
same phenomenon for a class of supersymmetric Dirac-type operators. 

We start with our basic hypothesis. 

Hypothesis 6.1. Let Hj , j — 1,2, be complex separable Hilbert spaces and assume 
that A : dom(A) C Hi — > is a densely defined, closed, linear operator. 

Assuming Hypothesis 16. 1[ we introduce the supersymmetric Dirac operator (also 
known as "supercharge") by 

g = Q , dom(Q) = dom(A) © dom(A*) CHi® 7^2- (6.1) 

(For simplicity we now use the simplifying notation Q rather than the symbol Qa,o 
in previous sections.) As discussed in Appendix [3 Q is self-adjoint in Hi © Hi. 

A number of Dirac operators, including the free one (i.e., one without electro- 
magnetic potentials), one with a Lorentz scalar potential, one describing electrons 
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in a magnetic field, one describing neutrons in an electric field, and the one model- 
ing particles with anomalous electric moment in a magnetic field can all be put in 
this form (cf. \7W, Section 5.5] for details). 

The solution of the corresponding time dependent Dirac equation 

z-^*(t) = Q'fit), ^{t) = {Mt),Mt)V e dom(g), t e R, (6.2) 
at 

is given by 

^r(i) = e-«Q*^'(0), t e M, (6.3) 

with e~*'5*, i e M, a unitary group in Hi ® H2- 

One of the principal aims in this section is to prove the following result. 

Theorem 6.2. Assume Hvvothesis KT\ Suppose ^{t) = e"*'5*^'(0) with *(t) = 
{ipi(t),ip2{t))'^ , t eM., anrf^'(O) G Hi®'H2 arbitrary. Then the following assertions 
{i)-(iv) are equivalent. 

(*) limt_±oo W^jimn, = ll*(0)ll?i,ew.A J - 1,2. 
(a) w-limt^oo e"'^* = 0. 

(iii) w-limt_^oo e^'l-^l* = 0. 

(iv) w-limt_j.oo cosdAji) ~ 0. 
Similarly, 

^lim^i^'rf.||V.,(.)||?,,. ^i||*(0)||?,^e,,, , = 1,2, ^g^^^ 

if and only if is not an eigenvalue of Q. 

Proof. First of all one notes that neither {i)-{iv) nor (|6.4|) can hold if is an 
eigenvalue of Q. Hence we assume without loss of generality that 

ker(Q) = ker(yl) ® ker(A*) = {0}. (6.5) 

Moreover, since (e"'*^*)* — e**^*, it suffices to study the limit t — >■ oo in Theorem 
K^(i) and ([13). Next, we recall (|X2|) - ((X9)) . (TOOl) . ([OT]) . the polar decom- 
position A = Va\A\, a* = {Va)*\A*\ where, due to our assumption ker(A) = 
ker(^*) = {0} and hence Va E B{'Hi,'H2) is unitary. In addition, we use the no- 
tation Hi = A* A, H2 = AA* (cf. Appendix [XI for details). Then, by the spectral 
theorem applied to Q, 

e-^'^* = cos(|Q|t) - i sm{\Q\t)VQ, t e K, (6.6) 

and by (|A.3ip . one obtains 

-.Qt ( cos(|A|i) -zsin(|A|i)(VA)*\ 
' = [-^M\A*\t)VA cosi\A*\t) j' 

Taking scalar products of e^"^* with vectors of the type (/, 0)^ and {0,g)^ then 
shows that 

w-lime-*'5* = 

t^OO 

, , , ........t_>ooCos(|A|i) = 0, w-limi^oocos(|^*|i) = 0, (6-8) 

if and only if < 

^ ,sin(|yl|<) = 0, w-limi^ooSin(|A*|t) = 0. 




w- 

t— >oo 



ABSTRACT WAVE EQUATIONS AND DIRAC-TYPE OPERATORS 33 

However, since (e-^l^l*)* = e^l^l* for any densely defined closed operator T, one 
actually infers that 

w-lime~"^* = if and only if { w-limcos(|A|i) = 0, w-linicos(|A*|i) = 0| 

if and only if { w-lime""''^!* = 0, w-lime^'l^*!* = 0|. 

Finally, since Hi —A*A and = A*A are unitarily equivalent (recalling (jA.16p 
and the fact that Pkcr(A) = ^kci(yi*) = 0), this actually yields that 

lime^*'^* = if and only if w-lim e^'l'^'* = if and only if w-linicos(|^|t) — 0. 

(6.10) 

Given ^1/(0) = (■01, "02)^ G Hi ® H2, one then computes 
WMmli, = ||cos(|A|t)^i -zsin(|A|<)(l/^)*V2||?,, 

= i II [e^'^'* + e-^'^l*] V'l + [e^'^l* - e-'^l^l*] (Va)>2||?,^ 
= 1 II [e^^l-^K + j^J^, + [e^^\A\t _ j^J (F^)>,||5^^ 

+ i Re (([^1 - (V:4)>2],e2»l^l*[V.i + iVAr^2])^J 
1 

2' 

+ i Re {{[A - (V:4)>2],e2»l^l*[0i + iVAr^P2])^J 
= + ll^2||?,J + i Rc (([V^i - (FA)*V'2],e2^l-^l*[V'i + (^a)*V'2])„J 

= ^ll*(0)ll?i,ew, + ^Re (([Vi - (V^A)*V'2],e2'l^l*[V'i + (V^a)*^2])„J. (6.11) 

Thus, w-linit^ooe"'l^l* yields limt^oo ||'0i(i)llwi = ill*(0)||«ie«2' ^^"^^e 
also limt^oo ||V'2(i)|lw2 = 5ll*(0)ll?iieH2' si'^ce e^^'^*, t e R, is unitary on Hi 

Conversely, choose (p,^/j £ Hi and set = (V' + f )/'^ 8,nd 02 = ^^(9? — 0)/2. 
Then (pTT]) shows that limt_^oo ||0i(*)||«i = ^\\'^{^)\\n,en2 implies 

lim Re ((0, e^'l-^lV)^ ) = 0, 0-, G Hi. (6.12) 

In particular, 

lim Re ((ip, e^'l-^l*^)^ ) = lim i^, cos{2\ A\t)iP)m =0, ip € Hi. (6.13) 
By polarization for sesquilinear forms, this is equivalent to 

lim (V;,cos(2|A|t)v3)«, = 0, i;,(peHi, (6.14) 

i— >oo 

and thus by (|6.10p also to 

^lim («',e''5*«')^^g,^^ =0, ^'GHi©H2, (6.15) 
proving the equivalence of {i)~(iv). 



= 7;{Uirn, + \\iVArH\'n:, 
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Applying von Neumann's mean ergodic theorem in the weak sense (cf., e.g., |13[ 
Corollary 5.2], [291 Theorem 1.8.20]) to (|6lT1) yields the Cesaro limit 

^hrn^i f ds\\Ms)\\l,^=h\^mkBn, 

<j 

+ ^Re Jm^i^*ds {[ij, - (t/A)*^2],e'^l^llV'i + (Va)*^2])„^) 

= Iw'^minM + (([^1 - iVArH,EiA\mMi + {VArH)-Hj 

= ^ll*(0)ll?i,e«. (6-16) 

if ({0}) = 0. (Here we used the notation Es{-) for the strongly right continuous 
spectral family associated with the self-adjoint operator S.) Conversely, choose 
again ip^ip ^Hi and set tpi = {^ + (p)/2 and ^2 = Va{(P — '0)/2. Then (|6.11l) shows 
that 

^hmi^ dsUiml.^lW'^ml.^Bn. (6-17) 

implies 

Re(^^hm ds(V',e2'l'^IV)„^^ =0, i^,ipeHi. (6.18) 

In particular, 

ft 



Re I lim 



i^'ds(^,e2'l^l»^^j =^lim 1^ ds(V,cos(2|A|s)V)w, =0, 

V'eHi. (6.19) 



By polarization for sesquilinear forms, this is equivalent to 



1 /■* 

lim- / ds{ip,cos{2\A\s)ip)-H, ^0, e^i- (6.20) 

t->00 t Jq 

Since generally, as a corollary of von Neumann's weak ergodic theorem (cf. [33]) 
1 /■* 

\im - dsi^P,cosi\A\s)ip)n,^i^,ElA\m)v)H^, V',</'eHi, (6.21) 

(j6.20p yields £'|^|({0}) — 0. The same computation with ipi{-) replaced by ip2{') 
then proves that 

^hm i J^s \\Ms)\\l^ = ^ll*(0)llw,®w, if and only if i?|^.|({0}) = 0, (6.22) 

proving ([631) (cf. ^EM)- Q 

We note that 

y|tj = ^ 

and hence (j6.10p also yields that 



-*l'?l*=cos(|g|t)-*sin(|g|t)= ^ (6-23) 



if ker(Q) = {0}, then w-lime"''^* = if and only if w-lim e'^''^'* = 0. (6.24) 
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Remark 6.3. The proof of Theorem l6.2l is similar in spirit to the proof for equipar- 
tition of energy for abstract wave equations [9] (see also [22], [28], [291 Theorems 
7.12 and 7.13], [S], [33], [31], [3S], [31], [33, [10], [H], [Zl, and the references 
therein). In fact, since the two problems are unitarly equivalent, one follows from 
the other. For the benefit of the reader we decided to provide the proof in the 
context of supersymmetric Dirac-type operators. 

For completeness we finally recall the corresponding result concerning the asymp- 
totic equipartition for abstract wave equations in the absence of damping, which 
motivated the derivation of Theorem 16.21 

Consider the initial value problem 

u{t) + A*Au{t) :^0, teR, 

u{0) = /o e dom{A*A), u{0) = /i e dom{A). ^^'^^^ 

Introducing kinetic and potential energies, Ku{t) and Pu{t), associated with a 
(strong) solution u(-) of ()6.25p at time t G E, 

Knit) ^ \\u{t)f^^, P^{t) ^ \\Au\\l^^ ^ \\\A\u\\l^, tern, (6.26) 



one recalls conservation of the total energy (cf. Lemma [579| 

Kuit) + Puit) = K^iO) + PuiO), teR. (6.27) 

Moreover, the initial value problem (|6.25p is said to admit asymptotic equipartition 
of energy if 

lim K,,{t)^ lim Puit) = l[Ku{0) + PuiO)]. (6.28) 

Asymptotic equipartition of energy has extensively been discussed in the literature, 
we refer, for instance, to [T], [17], [IS], [30], [31], [31], [33], [31], [33, [3S], [33, [3E], 
[55] . [10], [H], and [71]. In particular, the following theorem appeared in Goldstein 
[2a Theorems 7.12 and 7.131. 



Theorem 6.4. Assume Hypothesis 16.11 and let u{-) : ffi. — ^ T-ii be a solution of 

(|6.25l) . Then the following assertions (i) and (ii) are equivalent. 

(i) linit^ioo Ku{t) = \imt^±oo Pu{t) = [if„(0) + F„(0)]/2. 

{ii) w-limf^oo e~*l'^l* = 0. 

Similarly, 

hm - f dsKu{s) = lim - f ds P^{s) = i[X„(0) + P„(0)] 
if and only if is not an eigenvalue of A. 

Appendix A. Supersymmetric Dirac-Type Operators in a Nutshell 

In this appendix we briefiy summarize some results on supersymmetric Dirac- 
type operators and commutation methods due to [M], [24], [77], and [78] Ch. 5] 
(see also [46]). 

The standing assumption in this appendix will be the following. 
Hypothesis A.l. Let Tij, j — 1,2, he separable complex Hilbert spaces and 

T-.HiD dom(T) ^ n2 (A.l) 
be a densely defined closed linear operator. 
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We define the self-adjoint Dirac-type operator in Hi ® by 
'0 T* 



T 



, dom(Q) = dom(T) ©dom(r*). (A.2) 



(A.3) 



Operators of the type Q play a role in supersymmetric quantum mechanics (see, 
e.g., the extensive list of references in ffl). Then, 

^T*T 
TT* 

and for notational purposes we also introduce 

Hi = T*T in Hi, H2= TT* in H2. (A.4) 

In the following, we also need the polar decomposition of T and T*, that is, the 
representations 

T = Vt\T\ = \T*\Vt = VtT*Vt on dom(T) = dom(|r|), (A.5) 

T* = Vt'\T*\^ \T\Vt' ^Vt'TVt' on dom(T*) = dom(|r* |), (A.6) 

\T\ = Vt'T ^T*Vt = Vt'\T*\Vt on dom(|T|), (A.7) 

|r*| = VtT* ^ TVt' = Vt\T\Vt' on dom(|T*|), (A.8) 

where 

|T| = (T*r)i/2, \T*\ = {TT*y^^, (A.9) 

Vt' = {VtT, (A. 10) 

and 

Vt'Vt^P^^^^Pj^, VtVt^^P-^^^:^=P^. (A.ll) 



In particular, Vr is a partial isometry with initial set ran(|r|) and final set ran(T) 
and hence Vr* is a partial isometry with initial set ran(|r*|) and final set ran(r*). 
In addition, 



^ ^ I r(r*T)-i/2 ^ (Tr*)-i/2r on (ker(T))-L, 

^ [0 on ker(T). ^ ' ' 

Next, we collect some properties relating Hi and H2- 

Theorem A.2 (|14|). Assume Hypothesis lA.ll and let (f> be a hounded Borel mea- 
surable Junction on M. 
{i) One has 

ker(T) = ker(iJi) = (ran(T*))-L, ker(T*) = ker(iJ2) = (ran(T))^, (A.13) 

VtH'I''^ = H^^^Vt, n e N, Vt(I){Hi) = (j){H2)VT. (A.14) 
(ii) Hi and H2 are essentially isospectral, that is, 

a{Hi)\{0} = a{H2)\{0}, (A.15) 

in fact, 

T*T[I-u-^ ^ -Pkcr(T)] unitarily equivalent to TT*[I'}i^ ^^kcr(T*)]- (A. 16) 
In addition, 

f e dom(i?i) and Hif = X^f, X^O, 

implies Tf e dom(i/2) and H2{Tf) = X^{Tf), (A.17) 



ABSTRACT WAVE EQUATIONS AND DIRAC-TYPE OPERATORS 37 

g G dom(i/2) and H2 g ~ fJ-^g, /i 7^ 0, 

implies T*g e doni(iJi) and Hi{T*g) = ^J,^{T*g), (A.18) 

with multiplicities of eigenvalues preserved. 
(Hi) One has for z G p{Hi) H p{H2), 

In, + z{H2 ~ zin,)-' 2 T{Hi - zlnJ'^T*, (A.19) 

In, + z{Hi - zin,)-' ^ T*{H2 - zln^T^T, (A.20) 

and 

T*^{H2) 3 HHi)T*, T<j){Hi) D (j){H2)T, (A.21) 

VT'(l)iH2)2HHi)VT', VT(j){Hi)^(j){H2)VT. (A.22) 

As noted by E. Nelson (unpublished), Theorem IA.2I follows from the spectral 
theorem and the elementary identities, 

Q = Vq\Q\ = \Q\Vq, (A.23) 

ker(Q) = ker(|g|) = ker(Q2) = (ran(Q))^ = ker(r) © ker(T*), (A.24) 

/«iew2 + 4Q'^ - zlH.mu^y^ = Q\Q'^ - zlm^n^T^ 2 (3(Q^ - zIn,®H-,)~^Q, 

z e p(Q2), (A.25) 

WQ') 2 0(Q')Q, (A.26) 
where 

{VtY\ _ f Vt' 

In particular, 

ker(Q)=ker(T)©ker(r*), Pkcr(Q) = (^'q^^^ p".)' (^'^S) 



and we also recall that 



kor(T* ) 

a^Qa-i = ~Q, ^3 = (^^JJ^ , (A.29) 

that is, Q and — Q are unitarily equivalent. (For more details on Nelson's trick see 
also [761 Sect. 8.4], [78l Subsect. 5.2.3].) We also note that 

^ (*<L^I> .'J (A.30) 



V'(iri) 

for Borel measurable functions on R, and 

(VtY 



[Q\Q\-'] ^[vt J^^Q k^''^^) = (A.31) 

Finally, we recall the following relationships between Q and Hj, j — 1,2. 

Theorem A. 3 ([7], [77]). Assume Hupothesis \A.l[ 

(i) Introducing the unitary operator U on {ke.i{Q))-^ by 

U = 2-'^'['_% ^Zl*) '^"(ker(Q))\ (A.32) 

one infers that 

UQU-' = (^f I'J^^ij on (ker(Q))^. (A.33) 
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{a) One has 

[Q-CIn.en.) " ^t(//i - C^/^J-^ C{H2 - C In.)-' ) ' (A.34) 
{Hi) In addition, 

/;).do,„(«)„.,o(;-)=,(;;),,^o, ^^^^j 

implies fj e dom(i?j) and Hjfj = rj^fj, j = 1,2. 

Conversely, 

f e dom(iJi) and Hif = \^f, A 7^ 0, 



implies y^-irpjj G dom{Q) and Q {^^-irpj^J = ^ \^x-iTf 
Similarly, 

g e dom(i?2) and H2 g = fi^g, 1^ ^ 0, 

fu~^T*Q\ fu~^T*Q\ fu~'^T*a\ (A.37) 

implies ^ e dom{Q) and Q ^ = ' ^ ^ ' 



9 J \ 9 J \ 9 

Appendix B. Adjoints and Closures of Operator Products 

The purpose of this appendix is to describe some situations in which equahty 
holds between (TS)* and S*T* and similarly, describe relations between {TS) and 
TS. 

We recall that if C : "H 3 dom(C) — >■ "H' is a closed operator (with H and H' 
complex, separable Hilbert spaces), then a linear subspace V of dom(C) is called a 

core for C ifCJ\^ = C. 

Lemma B.l. Let TL, H' , T-L" he complex, separable Hilbert spaces, and introduce the 
linear operators 

S:H2 dom(S') -^n', T:H'2 dom(T) ^ H" . (B.l) 
(i) Assume that T and TS are densely defined. Then S is densely defined and 

{TS)* D S*T*. (B.2) 
{ii) Suppose that S is densely defined and T e B{'H','H"). Then 

(TS)* = S*T*. (B.3) 

(Hi) Assume that T and TS are densely defined. In addition, suppose that S is 
injective {i.e., ker(5') = {0}) and S^^ G B{'H','H). Then S is densely defined and 

{TS)*=S*T*. (B.4) 



{iv) Suppose that TS is densely defined, assume that dom(T) n ran(5) = H', and 
introduce 

T = T\dom{T)nrein(S)- (B-5) 

Moreover, assume that S is injective and that S~^ is a bounded operator. Then 
dom(S') = H, ran(5) =H',S^€ B{H', H), and 

{TS)* = {TS)* = S*{f)* D S*T*. (B.6) 
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Suppose, in addition, that T is closable. Then 

{TSy — S*T* if and only i/dom(T) n ran(S') is a core for T. (B.7) 

(v) Assume that S and T are densely defined, suppose S is closed, and assume in 
addition that ran(5) has finite codimension {i.e., dim (ran(S')^) < oo). Then TS 
is densely defined and 

{TSy = S*T*. (B.8) 

Proof. We refer to [551 Theoreni 4.19 (a)] for a proof of item [i). 

Item {ii) is a classical result, see, for instance, [13 Lemma X. II. 1.6] and [551 
Theorem 4.19(6)]. 

Item [Hi) is mentioned in |85l Exercise 4.18] and is a special case of item {iv) to 
be proven next. 

To prove item {iv) one can argue as follows. Since S is injective, dom(S'~^) = 
ran(S') is dense in T-L\ and 5"^ is a bounded operator, is closable and hence 
dom(S^) = dom(S'-i) = W (cf. [85l Theorem 5.2]). Thus, G BiW ,%) by 
the closed graph theorem. 

The fact that TS = fs,f CT (implying T* C (f )*), and generally, S, f, fs all 
being densely defined implies that (fS)* D S'*(f)* (cf. item {{)), (|R6l) wiU follow 
once one proves that (TS)* C S* (T)* . For this purpose let / e dom ((TS")*) and 
g e dom (fs) , then 

{f,fSg)^„ = {{fs)*f,g)^ = {{fs)*f,S-'Sg)^ = {{f S)* f ,S^ S g) ^ 

^{(S^y{fsyf,Sg)^,. (B.9) 

Thus, 

\{f,TSg)^„\ < \\(S^y{fsyf\\^, \\Sg\\n'. (B.IO) 

Since dom (TS) — S^^ dom (T) , one obtains that as g runs through all of dom (TS) , 

Sg runs through all of dom(T). Hence, (jB.lOp implies that / G dom((T)*) and 
thus (|R9l) yields 

{{fyf,Sg)^, = {(S^y{fsyf,Sg)^,. (B.ll) 

Since (as a consequence of the hypothesis dom(r) n ran(5) — H'), ran(S') = H' , 
(|B.lip implies 

(f)7 = (s^y{fsyf - {s-'y{fsyf - {s*r'{Tsyf. (b.u) 

Here we used that (A) * = A* if A is densely defined and closable (cf. [55J Theorem 
5.3 (c)]) and that (^B~^y = {B*)~^ if B is injective and densely defined with dense 
range (implying injectivity of B*, cf. [^ Theorem 4.17(b)]). Equation (jB.12[) 
yields S*{fyf = {fsyf and hence (f^)* C 5*(f)*. 

Next, assume in addition that T is closable (and hence (T)* — T*). Then if 
dom(r) n ran(S') is a core for T, f = T yields 

(f)* = (T)* = (T)* = T*, (B.13) 

and hence ([Re)) implies (TS)* = S*T*. Conversely, suppose that (f )* = T* . Then 

f = ((f)*)* = (T*)* =T (B.14) 



40 



F. GESZTESY, J. A. GOLDSTEIN, H. HOLDEN, AND G. TESCHL 



proves that doni(r) n ran(5) is a core for T. 

For a proof of item {v) we refer to [H], gB], [13], [73], and [55]. In this con- 
text we note that ran(S') is closed in T-L' (since S is assumed to be closed and 
dim ( ran(S')^) < oo, cf. [26l Corollary IV. 1.13]) and hence does not have to be 
assumed to be closed, and similarly, it is not necessary to assume that T is closed 
as is done in some references. □ 

We note again that Lemma [B.l I f w) is a refinement of fSS], Exercise 4.18], listed 
as item (iii) in Lemma IB. II it may be of independent interest. 

For additional results guaranteeing (TS)* = S*T* (including the Banach space 
setting), we refer, for instance, to [33], [3H]: [3^; [SHj: [SB]; and [HI] (in particular, 
the case of nondensely defined operators is discussed in detail in [55]V 

Next, we briefly consider situations which relate ST with ST (much less appears 
to have been studied in this context). 

Lemma B.2. LefH^H' ,71" be complex, separable Hilbert spaces, and introduce the 
linear operators 

S -.nD dom(S') ^ H', T-.n' D doni(r) ^ V." . (B.15) 

(«) Assume that S is bounded, S G 3(1-1, Ti'), and that T is closed. Then TS is 
closed, implying that TS is closable and that 

TS C TS. (B.16) 

(a) Assume that S is injective with S^^ bounded and S^^ G B{T-i' , %). Furthermore, 
suppose r|(jom(T)nran(S) closablc and 



^ldom(T)nran(S) ^ T'|dom(T)nran(S) • (B.17) 

In addition, assume that TS is closable. Then 

TS C TS. (B.18) 

Proof. For the purpose of proving item (z) we suppose that {fn}neN C dom(TS') 
such that s-lim„^oo fn = f ^ T~L and TSfn ^ h £ %" . By the definition of 
dom(rS'), this implies that {/„}„eN C dom(S'), and since S E B{H,'H'), one con- 
cludes that s-lim„gN Sfn = Sf G H'. Since s-lim„^oo T{Sfn) — s-lim„^oo TSfn = 
h, closedness of T implies that 5*/ G dom(T) and s-lim„_j.oo T{Sfn) — T{Sf), that 
is, / G dom(T5) and s-lim„^oo TSfn = TSf. Thus, TS is closed. 
Since TS C TS and the latter is closed, TS is closable and 

TS CT^ ^TS. (B.19) 

To prove item (m) let fedom{TS) and g TSf. Then h^Sfe dom(r)nran(S'), 
and by assumption (|B.17p we can find {/injneN G dom(T) n ran(5) such that 
s-lim„_>oo hn = h in T-L' and s-lim„^oo Thn = Th = g in Ti." . Since S*^^ is bounded, 
the sequence /„ = S~^hn converges strongly to S^^h ~ (5) h = f in V., and 
by construction, TSfn — Thn, n G N, satisfies s-lim„^oo r5/„ = g. Thus, / G 
dom(TS') and TSf = g = TSf. □ 

We note that closedness of TS in Lemma lR2] (z) has been noted in [2Ql Propo- 
sition B.2]. 
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